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TETRAHEDRA ASSOCIATED WITH CANONICAL 
EXPANSIONS FOR A CURVED SURFACE* 


BY P. O. BELL 


A number of different canonical developments for the equa- 
tion of a curved surface have been obtained by investigators in 
the field of projective differential geometry. These develop- 
mentsf are simplest in form when the vertices of associated 
tetrahedra are located on a certain quadric, known as the ca- 
nonical quadric of Wilczynski.{ The geometrical location of this 
quadric was accomplished by Wilczynski by a very compli- 
cated method. Bompiani§ has offered a distinctly different defi- 
nition, and Stouffer|, using the general methods of Wilczynski, 
has found a rather simple method of locating the quadric. 

The canonical quadric is actually useful in locating only one 
of the four vertices of the tetrahedron. It is the purpose of this 
paper to locate the fourth vertex for the whole series of expan- 
sions by rather elementary methods and without the introduc- 
tion of Wilczynski’s quadric. As a matter of fact, the quadric 
is located as soon as any one of these fourth vertices is deter- 
mined. 

We shall suppose that the asymptotic net is parametric, and 
take the fundamental differential equations in the form 


(1) Yuu + 2by, + fy = 0, Yeo + 2a’y, + gy = 0. 
Using the notation introduced in the celebrated memoir by 
Green we shall put 


(2) Vu By, Vr = ay, 


where a and £ are functions of « and v which may be assigned 
as desired. If the point y on the surface and the corresponding 
points p and o are chosen as three vertices of the tetrahedron 


* Presented to the Society, April 6, 1935. 

+ Green, Transactions of this Society, vol. 20 (1919), pp. 79-153. 

t Wilczynski, Transactions of this Society, vol. 9 (1908), pp. 79-120. 

§ Bompiani, Rendiconti Accademia Lincei, (6), vol. 6 (1927), pp. 187-190, 
and Mathematische Zeitschrift, vol. 29 (1929), pp. 678-683. 

|| Stouffer, Proceedings of the National Academy of Sciences, (18), vol. 
3 (1932), pp. 252-255. 
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of reference, the associated development for the equation of the 
surface takes its simplest form if the fourth vertex 7 is given by 


(3) Yur By. + apy. 


Under these conditions the point 7 is on the quadric of Wil- 
czynski for all values of a and B. Moreover, the line /’ joining y 
and 7 is the reciprocal with respect to any quadric of Darboux 
of the line / joining p and a. Furthermore, the tangent plane at p 
to the ruled surface R““ generated by the line joining y and p 
as y moves along C,, (v=const. curve), and the tangent plane at 
o to the ruled surface R‘” generated by the line joining y and ¢ 
as y moves along C,., (u=const. curve) intersect in the line l’. 

If B=a,/ /(2a’), a=b,/(2b), the lines / and I’ are the directrices 
of Wilczynski of the first and second kind, respectively, and if 
B=—b,/(4b), a=—a//(4a’), they are the canonical edges of 
Green of the first and second kind, respectively. These lines and 
consequently the associated points p and oa are not difficult to 
locate geometrically. The above stated facts are well known 
and may be found, for example, in the memoir by Green.* 

Let us now consider the set of points 


Pi = Vu — C7 = Vo — BY, Tij = Vuv — — Bis + 


The reciprocal lines / and Il’ determined by p; and a; we shall 
denote by /;; and /;;. In particular we shall denote the directrices 
of Wilczynski by /,,; and /{, with the corresponding points de- 
noted by 


Similarly, the canonical edges of Green will be denoted by /22 
and /4, with the subscript 2 attached to the corresponding points 
p, o, and 

Two points p,, p, and two points a,, o, determine four lines 
Lory lps, The lines/,, and 1,, intersect in a point which 
is easily found to be denoted by 


(a, Os) Vu (B, (a.Bp a,By)y- 


This point is identical with t,,—7,,. Therefore, the points 
Lorl gs; Tps, Tor are collinear. Similarly, the points J g:lys, Tos, Tye 


* Green, loc. cit. 


1935.] CANONICAL EXPANSIONS FOR SURFACES 355 


may be shown to be collinear. Moreover, the above proof holds 
when p,=p,, or when g,=a,. We therefore have the following 
theorem. 


THEOREM. The points T ps, T qr, ANd are collinear. 


Now the points 712 and 72, may be located geometrically, as 
follows. The points p and a for given functions a and B generate 
two surfaces, s, and s,. The tangent at p to the curve u =const. 
on s, and the tangent at o to the curve v=const. on S, intersect 
the line /’ in the points 7—B.y and r—auy, respectively. The 
harmonic conjugate of y with respect to these two points is 
the point 7 — 8,)y/2. The harmonic conjugate of the point 
—B.y with respect to the two points —a,y and — (au +8.) y/2 
is the point t—(2a.+8,)y/3. This is the point 7 if a and B are 
chosen to satisfy the condition 


2a, + B, = 0. 


This condition is satisfied by the selection 


But for this selection p=p; and p=o». The point 7 for this selec- 
tion of a and £@ is therefore the point 712. The geometric defi- 
nition of the point 72: is obtained from the definition of t12 by 
interchanging u and v, p and o, a and 8, and replacing a’ by b. 

It follows from the above theorem that the points Jal, Tu, 
and 7 are collinear; also, Jy;lo, Tu, and 72; are collinear. Thus 
7 is the intersection of the line determined by JJ); and 712 and 
the line determined by J,;/2; and T2, both of which are geometri- 
cally located. The point 722 may be located similarly. 

We are now in a position to locate any point 7,,. The points 
Ll, Ty and 7,, are collinear, as are also the points /2,/,2, T22, 
and7,,. But each of these lines passes through two known points 
and their intersection determines 7,,. Therefore, upon specifying 
the locations of the points p, and o,, the geometric definition of 
the point 7,, is complete. 


STANFORD UNIVERSITY 
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ON A THEOREM OF PLESSNER* 
BY NELSON DUNFORD 


If f(t) is a real-valued function of a real variable, periodic 
with period 27 and of bounded variation, then f(t) is absolutely 
continuous provided v(), the total variation of f(¢+-) —f(t) on 
any interval of length 27, tends to zero with uw. This theorem, 
which is the converse of a well known theorem of Lebesgue, 
has been proved by Plessner, and by Wiener and Young.t 
Ursellf has given some interesting results concerning the total 
variation of f(t+u)—f(t) for measurable functions f(t), which 
when combined with the above theorem show (as he has pointed 
out) that that theorem holds for measurable functions. The 
papers referred to contain the essential ideas sufficient for a very 
short proof of the general theorem. In fact, with two additional 
lemmas which are given below, the proof as given by Plessner 
holds in the general case. 

By an admissible function will be meant one which is finite- 
valued and periodic with period 27. 


THEOREM 1. If f(t) 1s admissible and lim, v(u) =0, then v(u) 
is continuous. 


Let 1, “2 be any real numbers and 6;= (¢;_1, ¢;) be a partition 
of the interval (—7z, 7). Then, if ¢t/ =t¢;+, the intervals 
6/ =(t/.4, t/) form a partition of (—7+m, and§ 

f(t + + — f} = u) — fO} 
and so Sv(m) This shows that is finite every- 
where; for if v(u) <K on (—a, a), then v(u) <2K on (—2a, 2a). 


* Presented to the Society, April 20, 1935. 

7 Plessner, Eine Kennzeichnung der totalstetigen Funktionen, Journal fiir 
Mathematik, vol. 160 (1929), pp. 26-32. Wiener and Young, The total variation 
of g(x+h)—g(x), Transactions of this Society, vol. 35 (1933), pp. 327-340. 

t Ursell, On the total variation of f(t+-r) —f(t), Proceedings of the London 
Mathematical Society, (2), vol. 37 (1934), pp. 402-415. 

§ If 6=(a, 5), by is meant f(b+u) —f(a+z). 
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From the above inequality it follows that | —v(u:)| 
which shows that v(uz) is continuous. 


Lemma 1. If the function f(t) 1s admissible and measurable and 
lim, v(u) =0, then f(t) 1s untformly continuous. 


If not, there exists a positive number y such that for every 
a>0 there is an interval 6=(#, t’) in (—7z, 7) with |t—2’| <a 
and such that | 5f(t)| >vy. There is an a; >0 such that v(u) <y/3 
if |u| <a,. Let B be a positive number <a:/2 and <y/2. Then 
by the theorem of Lusin | f(t) —f(t')| <8 for all ¢, t’ in the inter- 
val [=(—27, 27) except those in a set Eg with measure less 
than 8, provided |t—2'| is sufficiently small, say <ae. Fix an 
interval 6=(t, t’) such that |f—t’| and | 6f(t)| >y. Then 
with this 6 and any u such that | 1 <a, we have 


> o(u) =| ft+u) —fO}| 


If there exists a u with | | <a; such that t+u, t’+u are both 
in [—Eg, then the above inequality gives the contradiction 
y/3>y—B>vy/2. To see that such a u exists define a one-to- 
one correspondence between the intervals A = (t—a, +a) and 
A’ =(t’ —a, t' +a) by the equations x =t+u, x’ =t'+u. If Eisa 
set in A, E’ will denote the corresponding set in A’. Now if no 
such u exists Ez > Es;A+(A—E,A)’ and so 


> B > m(Es) = m[E,A + (A — E;A)’] 
> + m(A — E,A)'|/2 = an, 


which again is a contradiction. 
THEOREM 2. If f(t) is admissible and measurable and if also 


lim,—o v(u) =0, then f(t) ts absolutely continuous. 


The proof is entirely analogous to that of Plessner. By Lemma 
1, f(t) is summable and if s,/ (¢) is the first arithmetic mean of 
its Fourier series, then 


+r 
s/(t) — f(t) = f {f(t + u) — f(t) }F,(u)du, 


where F,,(u) is Fejér’s kernel; and thus the total variation 


A 
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+r 
T|s,/ (t) — s o(u)F,,(u)du — 0 
by Fejér’s theorem, since v(uz) is continuous and v(0)=0. For 
e€>0 there is an mp and a 6>0 such that 


—fO) <«/2, < €/2 


for an arbitrary set {5:} of non-overlapping intervals with 
>| 5,| <6. Thus, for such a set of intervals,* 


It might be pointed out that the theorem as stated is no less 
general than the corresponding theorem where f(t) is finite and 
measurable on (a, 6) and v(x) is the total variation of f(t+) 
—f(t) on 

The following example which is similar to one given by Ursell 
is interesting in connection with Theorem 2. Let {x.} be a 
Hamelf base with x;=7, so that every real number is expressi- 
ble uniquely as a finite linear combination of elements of {x,} 
with rational coefficients. If t=na+) rix; and f(t)=n—t/z, 
then f(t) is admissible and additive, that is, f(¢+u) =f(t)+f(u), 
and hence v(u) is identically zero. Theorem 2 shows that f(t) 
is not measurable and the example shows that the hypothesis 
of measurability is essential in Theorem 2 as well as in Lemma 1. 


BROwN UNIVERSITY 


* My attention is called, by Hans Lewy, to the fact that the use of Fourier 
series may be avoided by approximating to f(t) by means of the absolutely 
continuous functions (1/h) 

t+ Hamel, Basis aller Zahlen und der unstetigen Liésungen der funktional 
Gleichungen F(x+y)=F(x)+F(y), Mathematische Annalen, vol. 60 (1905), 
p. 459. 
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ON THE LAW OF QUADRATIC RECIPROCITY* 
BY ALBERT WHITEMAN 


The following proof of the law of quadratic reciprocity, which 
depends upon a modified form of the Gaussian criterion, is 
believed to be new. 

According to the usual form of this criterion, if p is any in- 
teger not divisible by the odd prime g, then p is a quadratic 
residue or non-residue of g according as in the series 


p, 2p, 3p, on” (q 1)p/2, 


the number of numbers whose least positive remainders (mod q) 
exceed g/2 is even or odd. But, if Ap=yq+r, g/2<r<gq, then 
2Ap = (2u+1)g+2r—gq, and conversely. Hence we have the 
transformed criterion: pis a quadratic residue or non-residue of g 
according as the number of least positive odd remainders in the 
series: 


is even or odd.t 

In the following discussion p, g represent any two odd primes 
such that g>p. Let r denote any odd remainder of (1) such that 
p<r<q. Then, for a suitable \, (q—1)/2), 


(2) 2\p =r (mod gq), 
whence 
(3) (modg), 


where p<p+q—r<q. 

Congruences (2) and (3) are identical only for 2\=(q+1)/2, 
r=(p+q)/2. Hence the odd remainders of (1) that are greater 
than p may be arranged in pairs by means of (2) and (3) except 


* Presented to the Society, February 23, 1935. 

+ For other proofs of the reciprocity law using this transformed criterion 
see a paper by Lange, Ein Elementarer Beweis des Reziprozitéts-gesetzes, 
Berichte der Koeniglichen Sachsischen Gesellschaft, vol. 48 (1896), p. 629; 
vol. 49 (1897), p. 607; see also P. Bachmann, Niedere Zahlentheorie, Part 1, 
1902, pp. 256-261, and pp. 266-267. 
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when (q+1)/2 is even and (p+q)/2 is odd, that is, when p, g 
are each of the form 4n+3. In this case there is one odd re- 
mainder that does not belong to such a pair. If we denote by a 
the number of odd remainders greater than p, it follows that a 
is even if at least one of the two primes #, q is of the form 4n +1, 
and odd if both are of the form 4n+3. Consequently 


(4) a = (p — — 1)/4 (mod 2). 
Now let 6 denote the number of those odd remainders in (1) 


that are less than p. Then (p/qg)=(—1)**+°. Also, if ¢ denotes 
the number of least positive odd remainders in the series 


(5) 2q, 49, 69,---,(P—1)q (mod p), 
we have (q/p) = (—1)*. Hence 
(6) (p/q)(q/p) = (— 


To complete the proof, we shall now show that the odd re- 
mainders in (1) that are less than p are identical with the odd 
remainders in (5), and hence that b=c. Let 


(7) 2\p =r (mod 
where now 7 is an odd remainder such that 0<r<p, and 
1<d<(q—1)/2. Hence 
2p = (Qu — 1)q +r, 
where 0<y<(p+1)/2. From this we obtain 
(8) (p+1—2u)qg=r (mod p). 


Conversely, from (8), where 1<u<(p—1)/2, we obtain (7) 
with 0<A<(q+1)/2. 

Hence, as stated above, the odd remainders in (1) that are 
less than # are identical with the odd remainders in (5), so that 
b=c. The theorem then follows from (4) and (6). 


THE UNIVERSITY OF PENNSYLVANIA 
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THE ARITHMETIZED EXPANSIONS FOR CERTAIN 
DOUBLY PERIODIC FUNCTIONS OF THE 
THIRD KIND* 


BY G. D. NICHOLS 


1. Introduction. In this paper the explicit arithmetized Fourier 
developments are given for certain doubly periodic functions of 
the third kind, namely, 


Daay(x, = + 
¥) = 01382 (x + (x)92(y), 


where x and y are independent complex variables, the 3's are the 
Jacobi theta functions, and a, 6, y are acertain sixteen triads out 
of the sixty-four which can be selected from the numbers 0, 1,2, 3. 
The method of obtaining the expansions is essentially that used 
by Basocof in obtaining the arithmetized developments for cer- 
tain functions similar in form. 

The applications to arithmetic lead to arithmetical para- 
phrase equations involving incomplete numerical functions in 
two variables. The complexity of the expansions is not adverse 
to simple and interesting arithmetical results, since simplicity 
can be gained by specialization while the complexity gives 
greater variety. 

There are thirty-two expansions given in all. The domain of 
validity for x is —I(ar)<I(x)<JI(mr) in (1)—(8) and (17)—(24) 
inclusive, and —(1/2)I(mr)<I(x)<(1/2)I(ar) for (9)-(16) 
and (25)—(32) inclusive; y is restricted in all expansions to 
—(1/2)I (wr) <I(y)<(1/2)I (a7). 

In all the series the outer summation refers to positive non- 
zero integers m, n, a in the exponent of q, and extends to all 
3. to alw=1, or 2,-4.6, --- , to all 
a=1, 5, 9,---. The coefficient of the power of g is in paren- 
theses after the power. The inner summation is finite and refers 
to positive integral divisors ¢, 7, d, 5, of m, n, a, subject to fur- 
ther restrictions noted below. The integer 7 is always odd. The 


* Presented to the Society, November 30, 1934. 
t American Journal of Mathematics, vol. 54 (1932), p. 242. 


362 G. D. NICHOLS [June, 


values and necessary arithmetized expansions for the coefficients 
A;, B;, C:, (4=0, 1, 2, 3), are given below in §4. 


2. The Functions ®.,(x, y). In this section N1, N2,---, 
where 1, 2, - - - refer to the serial number of the expansion, are 
equal to the expression in brackets following A ;/2. The symbol 
D is the operator (0/0x+20/dy). 

In the expansions (1)—(4) inclusive, we have n=d6, d<n'/?, 
z=2(6—d)x+2dy. When d=n'/? the value obtained from the 
inner summation is to be divided by 2. 


(1) u(x, y) = (1/2)Ar[ctn x + >> sin z) | 
— C,D(N1) + (1/2)D%(N1), 
(2) y) = (1/2)Ai[— tan x + 4° g?"( >> (—1)*-“sin z) | 
— C,D(N2) + (1/2)D%(N2), 
(1/2)Ae[etn « + 4 >> >> (— 1)4sin 2) ] 
— C2D(N3) + (1/2)D?(N3), 
(1/2)As[tan x — g?"( >> (— sin z) ] 
— CeD(N4) + (1/2)D?(N4). 
In (5)—(8) inclusive n=tr, t<(n/2)"?, s=(7—2t)x+2ty. 
(5) Poio(x, vy) = (1/2)Aolese x + 45 >. sin z)] 
— CoD(NS) + (1/2)D?(N5), 
(1/2)Ao[sec x + 1/7 — 28) cos z)] 
— CoD(N6) + (1/2)D?(N6), 
(7) y) = (1/2)As[ese + >> (— sin z)] 
— C;D(N7) + (1/2)D*(N7), 
(8) Poo3(x, vy) = (1/2)As[sec xt+ 4>> q”( (— 1/r) cos z)| 
— C;D(N8) + (1/2)D*(N8). 


(3) Poi0(x, y) 


(4) Pj00(x, y) 


(6) P320(x, y) 


In (9)—(12) inclusive m=tr, z=(t—1r)x+7y. When 
7 =m'!/? the value obtained from the inner summation is to be 
divided by 2. 
(9) Po01(x, y) = (1/2)A 1 4 q™!*( sin z)| 
— CiD(N9) + (1/2)D?(N9), 
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(10) sai(x, y) = (1/2)Ai[— (— sin z)] 
— Ci\D(N10) + (1/2)D*(N 10), 
(11) @so2(x, y) = (1/2)A2[— 40 g™/*( (— 1/r) cos 
— C2D(N11) + (1/2)D?(N11), 
(12) ose(x, y) = (1/2)42[4) (— 1/r) cos z)] 
— C,D(N12) + (1/2)D*(N 12). 
In (13)—(16) inclusive n=tr, 7 <n"/?, z=(t—1)x+1Ty, assum- 
ing even positive integral values only. 
(13) 2o3(x, y) = (1/2)As[— > (— 1/r) cos z)] 
— C;D(N13) + (1/2)D*(N13), 
(14) y) = (1/2)4s [4D (— 1)! sin 2) 
— C;D(N14) + (1/2)D?(N14), 
(15) ioo(x, y) = (1/2)Ao[— >> sin z)] 
— CyD(N15) + (1/2)D2(N 15), 
(16) y) = (1/2)Ao[4 >. >> (— 1/7 + 2) cos z)] 
— CoD(N16) + (1/2)D2(N'16). 
3. The Functions Vag,(x, y). Here N17, N18, - - - are equal 
to the expressions in brackets following B;, D is the operator 
(20/dx+0/dy). The substitution (7, 7) is one which replaces B; 


and C; in the right member of any expansion by B; and Cj, re- 
spectively. 


In (17)-(24) inclusive n=d6, 6—d=1 (mod 2), 

2=(6—d)x+4dy. 
(17) Win(x, y) = B, [ese >> >, (— 1)? sin z) | 

— C;D(N17) + (1/8)D%(N17), 
(18) vy) = By[sec + >, (— 1/d + 6) cos z)| 

— C,D(N18) + (1/8)D*(N18), 
(19) Woere(x, y) is written from (17) by the substitution (1, 2), 
(20) Wise(x, y) is written from (18) by the substitution (1, 2), 
(21) Wo0(x, y) is written from (17) by the substitution (1, 0), 
(22) Ws20(, y) is written from (18) by the substitution (1, 0), 
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(23) Ws13(x, y) is written from (17) by the substitution (1, 3), 

(24) Woe3(x, vy) is written from (18) by the substitution (1, 3). 
In the formulas (25)—(32) inclusive a=ir, a=1 (mod 4), 

g=((t—7)/2)x+2ry. When =a"? the value obtained 

from the inner summation is to be divided by 2. 

B,[4>> >> (— 1/7) cos z) | 

— C;D(N25) + (1/8)D?(N25), 

B,[4>. (— 1)¢#+7-2)/4 cos z) | 

— C,\D(N26) + (1/8)D7(N26), 


(27) Wso2(x, vy) is written from -- Woo:(x, y) by the 


(25) Wooi(x, y) 


(26) W331(x, y) 


substitution (1, 2), 
(28) Wese(x, vy) is written from — W33:(x, y) by the 
substitution (1, 2), 
(29) Woeo3(%, y) is written from — WVoo:(*, y) by the 
substitution (1, 3), 
(30) Wis3(x, vy) is written from — W33:(x, y) by the 
substitution (1, 3), 
(31) Wioo(x, y) is written from (25) by the substitution (1, 0), 
(32) Woese(x, y) is written from (26) by the substitution (1, 0). 
4. Arithmetization of the Coefficients. The values of the coeffi- 
cients are 


The necessary arithmetized expansions for the C;’s are given in 
a list by Bell.* In the following expansions for the others, two 
types of divisors occur, namely, »=d6, where d is arbitrary and 
6 even, and n=1?r, where ¢ is arbitrary and 7 odd. 


(a) Ap=1+8)>. >> cos 2ty) — 5), 
(b) A, = 6 cos 2dy) — 8 >> 8), 


* Messenger of Mathematics, vol. 53 (1924), p. 166. 
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(c) = g™( (— cos 2dy) — 8), 
(d) 1+ do (— 1)'r cos 2ty) — 8), 
Bo=1/2+2>> 6) (27 — cos 2ty), 
(f) B, = — 5) 

+ q"(> (26 — d) cos 2dy), 


ll 


(g) Bz = — 3/2+sec*y + 8) 
(>> (26 — d)(— 1)* cos 2dy), 
(h) Bs 5) 


+ >, (— 1)*(27 — cos 2ty). 


UNIVERSITY OF ARKANSAS 


A CONNECTEDNESS THEOREM IN ABSTRACT SETS* 
BY W. M. WHYBURN 


This note gives a variation of a theorem of Sierpinski and 
Saks.{ The theorem is valid in spaces which have the Borel- 
Lebesgue property (Axiom I of Saksf) and which satisfy axioms 
(A), (B), (C), and (6) as given by Hausdorff.§ We use the term 
connected for a closed set to mean that the set cannot be ex- 
pressed as the sum of two mutually exclusive non-vacuous, 
closed sets.|| 


THEOREM. Let F be a collection of closed sets at least one of 
which is compact. Let F contain more than one element and let it 
be true that the sets of each finite sub-collection of F have a non- 
vacuous, connected set in common when this sub-collection contains 
at least two elements of F. Under these hypotheses, there 1s a closed, 
non-vacuous, connected set common to all of the sets of collection F. 


ProoF. Let Fy be a compact member of collection F and let K 
be the set of points common to all of the sets of collection F. 


* Presented to the Society, December 1, 1934. 

t See Saks, Fundamenta Mathematicae, vol. 2 (1921), pp. 1-3. 

t Saks, ibid., p. 2. 

§ Mengenlehre, 1927, pp. 228-229. 

|| The notion of limit point may be defined and this definition used to de- 
scribe connectedness. We use domain and open set interchangeably. 
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Saks* shows that K is non-vacuous while the closure of K is an 
immediate consequence of the closure of the sets of collection F 
(since any point of the complement of K has a neighborhood 
which belongs to the complement of some one of the sets of col- 
lection F and hence belongs to the complement of K). It re- 
mains to show that K is connected. Suppose K = K,+ Ke, where 
K, and Kz are mutually exclusive, non-vacuous, closed sets. The 
collection C composed of the complements of the sets of collec- 
tion F is a set of domains that covers Fy—-K. By axiom (6), for 
each point p of K, there exist mutually exclusive domains Gi, 
and G2, such that peGip, K2 © Gey. Let [Gi,] and [G2,] be the 
collections of domains obtained in this manner for all points of 
K,. The set K; is closed and compact and hence has the Borel- 
Lebesgue property. Let Gi, --- , G, be a finite sub-collection of 
[G,:,| which covers K, and let Hj, - - - , H, be the corresponding 
members of |Ge,]. If H denotes the common part of M,---, Hn, 
then H is a domain that covers Ke (this follows from a theorem 
stated by Hausdorff, loc. cit., page 229, line 4) while G=G, 
+G.+ --- +G, is a domain that covers K;. Furthermore, 7 
and G have no point in common since G; and H; are mutually 
exclusive sets. The collection C together with G and H cover 
the closed and compact set Fo. The Borel-Lebesgue property 
yields a finite collection Ci, C2,---, Cm, G, H, of these sets that 
covers Fy while the hypotheses of the theorem together with the 
method of construction of the covering sets force this collection 
to contain G, H, and at least one of the sets C;. Let F; be the 
complement of C; and let Q be the set common to Fo, Fi, - - - , Fm. 
The set Q contains K,; and K; and is covered by G and H (since 
Q belongs to Fy and the complements of Ci, C2, ---, Cm). Since 
G and H are mutually exclusive, it follows that Q is not con- 
nected. This contradicts the hypothesis that any finite collec- 
tion of two or more of the sets of F has a connected set in com- 
mon and yields the theorem. 
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NOTE ON NON-ANALYTIC FUNCTIONS* 


I. M. SHEFFER 


In his retiring presidential address before the American 
Mathematical Society (December, 1931), E. R. Hedrick gave a 
resumé of the theory of non-analytic functions of a complex 
variable.{ We propose in the present note to establish, with re- 
gard to these functions, some elementary properties that do not 
appear in the Hedrick report. (In the course of the work, how- 
ever, some properties considered by Hedrick will present them- 
selves.) 


Let 
(1) w=u+t w= f(z), ty, 


where u, v have continuous first partial derivatives in x and y, 
in some plane region R. Equation (1) can be expressed as a 
point transformation in the plane: 


(2) T: u = u(x, y), v = v(x, y). 


If f is non-analytic in R (as we shall assume throughout), then 
T is not a directly conformal transformation; that is, the magni- 
tude and sense of angles are not both preserved under T. Let 
m, Mz be (the slopes of) any two directions at a point z=x-+1y. 
In general they will transform into directions not forming the 
same angle (magnitude and sense both considered). In fact, the 
following theorem is easily verified by elementary methods. 


THEOREM 1. A necessary and sufficient condition that two dis- 
tinct directions m, me at a point z=x+iy transform conformally} 
under T is that m, and mz satisfy the relation 
(3) G — J)mymz + F(m, + me) + (E — J) = 0. 


Here 


* Presented to the Society, April 18, 1930. 

t Non-analytic functions of a complex variable, this Bulletin, vol. 39 (1933), 
pp. 75-96. 

¢ By conformal we shall mean directly conformal. 


= 


368 I. M. SHEFFER (Tune, 
ou? dv\? ou dv dv 
Ox Ox Ox Oy Ox OY 


ou\? dv\? Ou dv dv Ou 
dy oy Ox Oy dx Oy 

Among the quantities E, F, G, J there are some easily estab- 


lished identities, of which the following are of use to us: 


(5) J? = EG — F?, 


ov dv Ou 

(6) 
oy Oy Ox Ox 
Ou Ou dv dv 

(7) =o. 
Oy Ox Ox 


A point (x, y) may be such that all angles at the point trans- 
form conformally. A (necessary and sufficient) condition for this 
is that the Cauchy-Riemann equations be satisfied at the point: 

Ou dv Ou 


—_ = 


Ox ody Ox oy 


We shall consider only such points as do not have the above prop- 
erty. 


COROLLARY. With each direction m, at z=x-++1y, there 1s asso- 
ciated a unique direction m2, which we term the dual direction, such 
that the angle formed by m,, mz transforms conformally. If mz 1s 
the dual of my, then m, is the dual of mz. 


Of the pairs of dual directions m, mz at a point, three have 
special significance: self-dual or contact directions (of which there 
are two) and ortho directions.* These are defined as dual direc- 
tions which are, respectively, coincident and orthogonal; that is, 
for which, respectively, m2=m, and m.= —1/m,. Referring to 
(3), we have (on setting m=dy/dx) the following theorem. 


THEOREM 2. The contact directions and the ortho directions are 
defined respectively by 


* The ortho directions are termed principal directions by Hedrick, loc. cit., 
p. 78, and were first found by Tissot. 
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(8) G — J)dy? + 2Fdydx + (E — J)dx? = 0, 
(9) Fdy? + (E —G)dydx — Fdx? = 0. 

As (x, y) varies, (8) and (9) define two systems of curves, 
which we may term the system of contact curves and the system* 
of characteristic curves. The discriminant of (9) is non-negative. 


CoROLLARY. The characteristic curves form a real orthogonal 


system. 
On the other hand, the contact curves need not be real. In 


fact, the discriminant of (8) is 


Ou = av\? = 
4J(E+G—2J) = (= -=)+(2+=) |. 
Ox dy Ox 


COROLLARY. The contact curves are real at (and only at) those 
points (x, y) where J=0. 


The function f(z) being non-analytic, a unique derivative does 
not exist. Rather, in each direction m at a point, there is a unique 
derivative. One of the forms in which it can be written is 


df 1 Ou Ou dv dv 
= m(— ~) + m? 
dim (1+ m?)L 0x Oy Ox Oy. 


Ov Ov Ou Ou) 
+ + ~) mt). 
Ox Oy Ox dy) 
Kasner has shown thatf as m takes on all values, df/dzm traces 


out a circle, termed by Hedrick the Kasner circle for the point 
(x, y). From (10) we obtain{ 


(10) 


1/2 


(E + 2Fm + 


| dZm | + m?) 


{ dv ov «Ou Ou 
| = + m(= — — 


d x Oy Ox oy 
(12) amp|{—)= tan" 
dZm | Ou Ou av | 
— +—) + — 
x oy 


Oy Ox 


* For equation (9) and the latter system, see Hedrick, loc. cit., p. 78. 
t Hedrick, loc. cit., pp. 80-81. 
t See Hedrick, loc. cit., p. 78, for (11). 
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Now from (8), E+2Fm+Gm?=J(1+m?). Hence we have the 
following theorem. 


THEOREM 3. In a contact direction m, 


| dZm | 


(13) 


If we apply the methods of the differential calculus to (11) and 
(12), we obtain the following result. 


THEOREM 4. The extremal values of |df/d2m| are* in the ortho 
(that is, the principal) directions, and the extremal values of 
amp (df/dzm) are in the contact directions (when these are real). 


Denote the Kasner circle (for a given point (x, y)) by K. From 
the extremal properties of systems (8) and (9) we obtain the 
following theorem. 


THEOREM 5. If O 1s the origin and Z the center of the Kasner 
circle K, then the line through O and Z cuts K tn points which give 
df/dz» in the characteristic directions, and the points of tangency 
of the tangents to K from O (when O is not interior to K) give df /dzm 
in the contact directions. 


From Theorems 3 and 5 we obtain the following corollary. 


COROLLARY. The common length of the tangentst from O to K 
(when they exist) is | J| 2. 


Let m, mz be a pair of dual directions. We may ask where the 
corresponding points df/dz»,, df/dzm, lie on K. The answer is 
given by the following theorem. 


THEOREM 6. Let mm, mz be dual directions. Then the points 
df /dZm for m =m, me lie (on K) ona line through the origin. Con- 
versely, points on K that are concurrent with O correspond to dual 
directions. 


To establish this, let us equate tan {amp(df/dzm) } to a con- 
stant k, using (12). This yields the equation 


* See Hedrick, loc. cit., p. 78. 
t See Hedrick, loc. cit., p. 84. 
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ov Ou Ou av Ou 
m) 
Oy oy Oy Ox Oy Ox 


ou ov 
+ E — -=| = 0 
Ox Ox 


Denoting the two roots by m, and mz, we have 


Ou dv Ov Ou 
Oy Ox Oy 


Mm, + = 

Ov Ou 
dy dy 

Ou dv 

ox 

= 
Ov Ou 
Oy oy 


If now we substitute these values in (3), we find, on using (6) 
and (7), that (3) is satisfied identically for all k. Hence the con- 
verse is true. But all points of K are thus paired off, and since 
a given direction has but one dual, the first half of the theorem 
is likewise true. 

For all lines through O, meeting the Kasner circle K in points 
M,, M2, the product OM,-OM2=constant. That constant must, 
by the Corollary* to Theorem 5, be | J| . Hence from Theorem 5 
we deduce the next theorem. 


THEOREM 6. If m, m2 are any two dual directions, then 


dm, 
If we set m=tan 0, the Kasner circle can be written para- 
metrically as follows: 


df 
dZm 


(14) 


(15) = D[f] + Pifle**, 


* Strictly speaking, the Corollary applies only when O is not interior to K; 
but the result can be shown to be true in all cases. 
1 Hedrick, loc. cit., p. 76. 
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1[/ou dv dv Ou 
2L\éx dy Ox dy 
1[/ou dv [ov du 
= alee - ~) + + 
2 x oy Ox dy 


Kasner has termed the quantity D[f], which is the center of the 
circle, the mean derivative of f; and indeed it is an average of 
df /dz» for all points of K. There is a second point, D*[f], which 
we believe may prove of use. It is obtained as follows. If we pair 
off points on K corresponding to dual directions, their (geomet- 
ric) mean absolute value is | J| 2 (Theorem 6). Such a pair of 
points lie on a line through O, and if we average, arithmetically, 
the amplitudes (that is, inclinations) of such lines, we obtain 
the amplitude of the line through the center. We may therefore 
consider the quantity 


(16) 


(17) D*[f] = 
where 
Ve — My 
a = ampD[f], tana = ———; 
t Vy 


as being, in some sense, an average derivative. A simple reduc- 
tion gives us 
1/2 
2| J| 
- 
(E + G + 2J)}/? 


)*|f| is thus defined for all points (x, y), where E+G+2J+0. 
Now E+G+2J=0 when and only when D[f|=0; which is to 
say, if and only if the point (x, y) is one at which the transforma- 
tion (2) is inversely-conformal. Hence D*|f | is defined whenever 
the K-circle does not have its center at the origin. And when the 
center is at the origin, D*[f]| is indeterminate. 


(18) p*[f] = 


PENNSYLVANIA STATE COLLEGE 


where 
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A NEW SOLUTION OF THE GAUSS PROBLEM 
ON h(s*d)/h(d)* 


BY GORDON PALL 


The following demonstration of the well known formula 
(1) h(p*d’) = o{p — (d’| p)} h(a’) 


may be worth noting. Here h(A) denotes the number of classes 
of primitive integral binary quadratic forms of non-zero dis- 
criminant A; pis any prime =2;0=1if d’< —4ord’ isa square, 
o=2 if d’'= —4, o=3 if d’= —3; and if d’ is positive but not 
square, o is the least positive integer for which p| tte, (te, Ux) 
denoting the successive positive integral solutions of #2?—d’u? =4. 

Let r(m) denote the number of sets of representations of n 
by a representative system of primitive forms of discriminant 
d=p*d’. If q is a prime such that (d|q) =1, 


(2) r(p’q) = p — (d’| p)}. 
For by ITI (5), (33), (23)—(24),t 
r(p*g) =r(p*)r(q) = 2r(p*) =2{1+1'(p*) }, 
where r’(p?) equals the number p—1— (d’| p) of solutions w of 


w? — d’ 


(pw)? = (mod 4p”), top, (0S pw < 


By Theorem 4 of I, extended to d>0 in II, there is associated 
with each class (connoted by K, say) of primitive forms f of 
discriminant 7d’, a unique ambiguous class C, or two non- 
ambiguous classes C and C-', of primitive forms g of discrimi- 
nant d’; C is characterized as representing any prime repre- 
sented by K. By II (13), such forms satisfy, for all integers m, 


(3) S(p?n) = og(n). 


* Presented to the Society, April 6, 1935. 

+ References are to the writer’s two papers: I, Mathematische Zeitschrift, 
vol. 36 (1933), pp. 321-343; and II, Transactions of this Society, vol. 35 (1933), 
pp. 491-509. 
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Choose to be a prime g represented by C and prime to d. 
Then g(q) =2 if C is ambiguous, g(q) =1 if C#C—. If a form fi 
is associated with a form g; not in C or C~', fi(p?q) =og1(qg) =0. 
Hence, by (2) and (3), pq is represented in exactly 
n{p—(d'| p) bon! classes K, where 7 is 1 or 2 according as q is 
represented in only one (ambiguous) or two (reciprocal) primi- 
tive classes of discriminant d’. 


UNIVERSITY 


ON A REDUCTION OF A MATRIX BY THE GROUP OF 
MATRICES COMMUTATIVE WITH A 
GIVEN MATRIX* 


BY P. L. TRUMP 


1. Introduction. Two nXn matrices A and B, with elements 
in any field F, are said to be similar in F if there exists a non- 
singular Xn matrix S, with elements in F, such that S'*AS=B. 

Ingraham} has given a method for finding the most general 
solution, with elements in F, of the matrix equation 


P(X) =A, 


where P(X) is a polynomial with coefficients in F, and A is a 
square matrix with elements in F. A certain set of dissimilar 
solutions X;, -- - , X, were obtained in terms of which the 
complete system of solutions was seen to be in the form S-!X;S, 
where S is commutative with A. The X;,’s are obviously com- 
mutative with A. 

The purpose of this investigation is to determine the con- 
ditions under which two Xn matrices C and D are similar 
under transformations of the group [.S] of non-singular matrices 
S which are commutative with a certain Xn matrix A, where 
the matrices C and D are also commutative with A. We then 
seek to describe possible canonical forms to which such matrices 


* Presented to the Society, September 4, 1934. This paper with proofs and 
detail that are omitted here, is on file as a doctor's thesis at the Library of the 
University of Wisconsin. 

+ On the rational solutions of the matrix equation P(X)=A, Journal of 
Mathematics and Physics, vol. 13 (1934), pp. 46-50. 
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may be reduced. At this writing the reduction has been com- 
pleted with the exception of one case, the nature of which will 
be made clear. Procedures may in any case be given, however, 
for determining whether or not two particular matrices are 
similar under the group [S]. Such procedures lead to the neces- 
sity of solving a set of linear equations, a procedure which be- 
comes involved and fails to give general results. 


2. Matrices Commutative with A. Let T be any non-singular 
square matrix. The condition that AC=CA is equivalent to the 
condition that GH=HG, where G=T-!AT and H=T7-'CT. 
Thus A may be considered in classical canonical form con- 
sisting of zeros except for square matrices A;, (¢=1,2,---,7r), 
along the main diagonal. The elements of A ; are zeros except for 
the characteristic roots a; (not necessarily in F) of A on the 
main diagonal and possibly 1’s in certain positions on the first 
diagonal below. Further, consider a; different from a@;, if 7 is 
different from 

The matrix C is commutative with A if and only if it is zero 
except for principal minor matrices C; of the same dimension 
and in the same position as A;, (4=1, 2, - - -, 7), where the form 
of C; is determined by the condition that AC=CA if and only 
if A;C;=C;A;. Further, if S is also in the form just referred to, 
then S-!CS=D is again of the same form with S7!C;S;=D;. 

We are thus led to a consideration of the case in which all the 
characteristic values of A are the same, in particular, we may 
assume them zero. The elementary divisors of A are then 


A”, A”, A™, 


where we may assume ({=1, 2,--- , m—1). 

We will describe the frequently displayed form of the most 
general matrix C commutative with A in this form:* 

Case I. If A has the single elementary divisor \", then C is 
an ; Xm, diagonalized matrix (c;;), where c;; is arbitrary except 
for the conditions 


c3@0, Cp (f= 1,2,---,% — 1). 


CasE II. In the more general case that A has m elementary 
divisors we will consider C to be a matrix of matrices C;;, 


* Cullis, Matrices and Determinoids, vol. 3, part 1, sec. 242. 
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(4, 7=1, 2,---, m), where the block C;;, of order n;, is as de- 
scribed in Case I. The block C;;, will be an 1; Xn; matrix 
in which the first n;—; rows are zero and the remaining 1; Xn; 
matrix is of the same form as C;;. If «> 7, Ci; will be an n;Xn; 
matrix in which the last »;—; columns are zero and the re- 
maining 2;Xn; matrix is of the same form as C;;. Define the 
p’s as follows, if i<j: pis;=pji=ni—n;, pii=O. The elements of 
C;; will be indicated by c;;.. If the element occurs in the rth diag- 
onal of the indicated square portion of C;;, then k = 2(r—1) + 9;;. 
In order to illustrate, let the elementary divisors of A be \* 
and 2. We will then assume A and C in the following forms 


000 0 0 Cuo «60 0 0 0 
1 0 0 0 Cuz Cio O Cin O 
A=}01 0 0 Off, Cre Ciro C123 
000 0 0 C211 0 O C220 0 


We may now define certain unit matrices in terms of which 
C may be expressed. Let e;;, represent the matrix of the same 
dimension as C with c;;,=1 and all other elements zero. We 
may then write C in the form 


(1) C= (4,j = 1,2,---,m), 
and t—p;;=0, 2, - - - , 2(m:—1), where / is the greater of and j. 
The multiplication table for these basal units e;;. is as follows: 
fo: 
Ci jkerst ) 
kits 


If k+t>2(n,—1)+ :;, where / is the greater of 7 and s, then 
=O. 


3. An Isomorphism. At this point we will establish an iso- 
morphism through which we are led toa consideration of mat- 
rices of reduced dimension whose elements are certain poly- 
nomials corresponding to the blocks C;;. To C as expressed in 
(1) we make correspond a matrix P of the form 


(2) P = (3,9 1. 2, 
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where 
Pij(y?) = Cije + Cejesey? + , 


with w=p;;. The product of P and Q=(Q;;(y?)y%i) is deter- 
mined as usual and then the polynomial in the ith row and jth 
column is reduced modulo y?‘"~-»+*;, where / is the greater of 
and j. 

The correspondence is obviously preserved under addition 
and scalar multiplication. To establish the preservation of the 
correspondence under multiplication, it is convenient to con- 
sider all mXm matrices of the type P with y* in the ith row 
and jth column, where k—p;;=0, 2, - - - , 2(m,—1), (1 the greater 
of z and 7), and zeros elsewhere, as a set of basal units in terms 
of which matrices of type P may be expressed with scalar coef- 
ficients. Indicate such a matrix by fi;,. Let e:;, correspond to 
fizz. Since the multiplication table for these basal units is the 
same in each case the isomorphism is established. 

It can be shown that the determinant of P is a polynomial 
in y? and that P-' exists and is of type (2) if and only if | P| 40 
mod y. 


4. Reduction to a Semi-Canonical Form. We proceed with the 
reduction of matrices defined by the isomorphism by transforma- 
tions with non-singular matrices of the same type. Consider 


= (Qi 


| 


where 
Oily?) = qin + (¢ = p;;). 
Suppose 
if defined for some u<v<m. Let 
(3) q = (qijo),; (4,7 =u,u+i1,---,u+2). 


Let F, be the field obtained by enlarging F to include the roots 
of the characteristic equation of g. We will from now on restrict 
ourselves to the field F; instead of F. For some suitably chosen 
matrix ¢=(t;;9) we may reduce gq to its classical canonical form 


= = (gino). 
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Using 
T = = 1,2,-+-,m), 
where 
(i,j 
and otherwise 
T; (y?) is zero for i ¥ j and 1 for i = j, 


we obtain 


Il 


TOT = 
where 
Pil?) = Pijw + 
(4,7 =1,---,m; w= pis), 


This argument may be repeated for any u for which (3) is true. 
All elements above the main diagonal are now congruent to 
zero modulo y. Let G(A, y?) be the characteristic equation of P, 


G(A, v2) =| = go(A) + + , 


where 


go(A) = II (piio — ¥) = gio(A)ge0(A) - geo(A), 


i=l 
gio(A) = — A)”, (A; when i 
that is, the A; (¢=1, 2,---, 5), represent the distinct values of 
piso, (7=1, 2,-- +, m). We will denote by the set r; those 7 for 


which 
G(A, y?) may be factored as follows. 


G(A, y?) = Gia, Hild, 7’), 


where 


Gi(d, 0) = gio(d), 0) = = gio(d). 


j=1, 


m 


1935-] REDUCTION OF A MATRIX 379 


Such factorization may be made to depend upon the fact that 
the resultant* of /io(A) and gio(A) is not zero. 
We now examine the matrix product 


GAP, HAP, 2) = 0. 


The columns of //7;(P, y?) are vectors orthogonal to the matrix 
Gi(P, y?). The elements in the main diagonal of G;(P, 0) are 
congruent modulo y to 


= 0, j in the set 

~ 0, j not in the set 7;; 
above the main diagonal the elements are congruent to zero. 
The elements in the main diagonal of H;(P, 0) are congruent 
modulo y to 


~ 0, j in the set 7;, 

= 0, j not in the set 7;; 
above the main diagonal they are congruent to zero. 

Pick vectors £11, £2, - - , (¢=1,2, ---,5), as the columns 
numbered j of H;(P, y”), where 7 is in the set 7;. This will de- 
termine vectors §;. We propose to use &;;, 
(j=1,---,7ri), as ther;, (¢=1, 2, - - - , 5), columns of the trans- 
forming matrix S. This insures that S is of admissible type. 
Further, 


Therefore S-! exists, and the vectors £;;, ({=1,--- , 5; 
j=1,--.-,7:), form a complete vector space. 
It can be proved that the following lemma holds. 


LemMA. Every vector n satisfying 


y’)n=0, 
where i is any one of the numbers 1, 2, - - - , s, is expressible as 
follows: 
a (a; are polynomials in y?). 


where the a; are polynomials in y?. 


* Bécher, Introduction to Higher Algebra, pp. 195, 196. 


— 
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We refer to the columns of S, picked and ordered as above, as 
vectors £;, (1=1,2,---,m). 

Let n/, (¢=1,---,m), represent the rows of S~!. Then the 
vectors n/ and &; form a biorthogonal system. 


m1 


N2 
A IPS = P(é,, Em) R = (R:;), 


where Ri; =. P&;. If &; is one of the set Ei, - , Eir,), then 


and Pé; is orthogonal to G;(P, y?). Hence, by the lemma above, 


ri 


Pt; agi, 
l=1 
and n,.P£;=0 for any k not one of the set 7;. 

Thus in R, any element R;; corresponding to the intersection 
of P;; and P;;, where p:i0%);;0, has been reduced to zero. 

The complete solution of the problem may now be shown to 
rest upon the reduction to canonical forms of matrices M in 
which the elements along the main diagonal are congruent to 
each other modulo y and those above the main diagonal are 
congruent to zero. If the elements m;;(y?)y*i of M are con- 
gruent to zero modulo y*%*? for all 7 greater than 7, we may 
repeat the preceding reduction using y?(M/—myo/). Otherwise 
at this writing no general reduction has been obtained in this 
case. The problem, however, is still under consideration. 
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A GENERALIZATION OF HARMONIC 
FUNCTIONALS* 


BY F. G. DRESSEL 


1. Introduction. In a recent paper W. V. D. Hodget showed 
that most of the elementary properties of harmonic functions 
could be extended to harmonic functionals; on the other hand, 
we can extend the notion of harmonic functionals so that most 
of these elementary properties persist in this larger class. The 
present paper presents such an extension, and properties of the 
functionals it contains. 


2. Generalized Harmonic Forms. Consider the (p—1)-form 
(1) = Aj,...4,_ --- (i= ,n), 


in which the elements concerned obey the usual laws, with the 
exception that the dx’s obey the non-commutative law of multi- 
plication 


(2) dxidxi = — dxidx'. 


Without loss of generality we assume that the summation in 
(1) is taken over all 7 for which 1;< - - - <i,_;. If the A’s have 
second partial derivatives which are continuous, then the form 
¢ is said to be regular. The properties of such forms have been 
discussed by Cartan.{ 

If the coefficients A ;,...;,_, are symbols, we shall speak of (1) 
as a symbolic form. In the present paper we shall be concerned 
only with symbolic linear forms: 


a = a;dx', B = Bidx', --- 


The rules of combination for these are the same as for the forms 
of the type (1), except that the commutative law for the multi- 
plication of a symbolic and a non-symbolic form does not hold. 

* Presented to the Society, February 23, 1935. 

+ W. V. D. Hodge, A Dirichlet problem for harmonic functionals, with ap- 
plication to analytic varieties, Proceedings of the London Mathematical Society, 
(2), vol. 36, part 4, pp. 257-303. 

t E. Cartan, Lecons sur les Invariants Intégraux, 1922, Chapter 7. 


— 
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In particular we note that if a;, 8; are symbols and A is a func- 
tion, the products a,8;=Bja;, Aa; are symbols; but a;A is a 
function, since a; has spent itself on the function A. Any form 
is said to be zero if all its coefficients are zero, and is indicated 
by writing ¢=0. 

Let the multiplication of the form (1) by the symbolic linear 
form a=a,dx' be indicated by ¢a, 


ba = - dx'r, 
k=1 
where 
= A 


Denoting the adjoint of ¢. by $*, we have 


= + - -- dx%, 
the + or — sign being chosen according as 1, - - - , 7, is an even 
or odd derangement of 1, --- , ~. Finally, let ¢* be multiplied 


by the symbolic form 8 =6;dx', and let the result be indicated by 
(4) As*o. 


If y is a cycle of (p—1) dimensions, we shall define the in- 
tegral Ie as an a@-functional of y if the form (4) is zero. Also 
in such a case, we shall speak of @ as an a$-form.* We observe 
that if a; =8;=0/dx', then ¢, is known in the literature as the 
covariant derivative of @; and that if As*¢ =0, and @¢, is regular, 
¢ is a harmonic form and Ie a harmonic functional of y. 


3. Properties of the aB-forms. We now give a series of theo- 
rems which are generalizations of the theorems of harmonic 
forms. 


THEOREM 1. The B;,...;, defined by (3) satisfy the relations 


_k=—1 iz 


* A more general functional could be obtained by taking a and § as any 
symbolic forms. 


k=1 


1935-1 HARMONIC FUNCTIONALS 383 


From the properties assigned to our symbolic forms, we see 
that the associative law holds, so that 


Paa = aad = 0-¢ = 0, 


where aa=0 by virtue of (2); hence the theorem is immediate 
since the left side of (5) is a coefficient of @aa. 


THEOREM 2. If p=1 and 9 ts an aB-form, then 
(6) Biaid + Band 0. 


The proof is easily supplied. We remark that any function 
satisfying the relation (6) will be called an a$-function. 


THEOREM 3. If @ is an aB-form, then the coefficients of ba are 
aB-functions. 


Using the definition of ¢*, we have 


Pp 
j=1 


and wish to show that 


(8) a ;B;B;,...i, = 0 
for each set --- <%p. 

We shall make use of the notation Bj... :,,:),, to mean that 
B in which 7, is missing from 1;< -- - <7, and that 7,,, is to 
be put into its natural order in 7,;< - - - <7,,a minusora plus 


sign being taken according as 7,,, is taken over an odd or over 
an even number of i’s. Note in (7), when finding the coefficient of 
dxitdx'pti..- where 1Sr<p, that besides the term 
8;,B;,...ip, two types of terms can appear, those for which 
tp+v»<t, and those for which i,,,>7,. Taking this into account, 
we can write, except perhaps for a sign, this coefficient in the 
form 


n—p 


p—r ty 
v=1 


For an aB-form the above symbol is zero, hence multiplying by 
a;, and summing with respect to r from 1 to p, we have 


= 
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p r—1 i, 


r=1 r=1 


where we have reversed the order of summation on the right 
hand side. If now %,<tp;.<tk,4:, where k, <p, we can adjust 
the notation, so that Theorem 1 reads 


ky 

+r—l i, 
1)", ings + Biy---i, 


P i, 
= 0. 


tps tpee 
r=ke+1 


Using this in (9), we get 
Pp n—p 
r=! v=] 

which leads immediately to the theorem. 


4. Forms in Two Sets of Differentials. Turn now to the special 
case of ee i, ax" eee namely ,* 


U = . - 
Let »=7n,dé' be a linear symbolic form and multiply U by it. 
Then 
j=1 


The following theorem will be found useful. 


THEOREM 4. If B;:A =7;A (or if B:A = —7:A) and if A is an 
aB-function, then U, is an aB-form. 


We may write U,, in the form 


> 
P n Pp 
j=l k=p+1 j=1 
ani + av») ae f 


* The dx and dé satisfy the law (2) separately, but in the present paper we 
assume that dx is commutative with d£. With this assumption U can be looked 
on as a symbolic form with Ad£4- - 


as coefficients. 


| 
\ 
i 
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Forming the adjoint of the above with respect to the dx’s, we 
have 


(Uy = ( > a; ni - dain + (— 1)*t 


jul jal 


Multiplying by 8 gives 


p p 


j=1 


n Pp Pp Pp had 


If now 6;A =7;A, we find that A;*U, is equal to 


v=1 j=l 


The expression (10) has the opposite sign if 8;A = —7;A. Thus 
if A satisfies the equation 


U, is an aB-form. 
If U* is the adjoint of U, with respect to the dé’s, we readily 
see from (10) that we have the following corollary. 


Coro.iary. If the conditions of Theorem 4 hold, then ts an 
aB-form. 


4. Special Cases. In what follows we refer to a real euclidean 
space of m-dimensions, with (x',--- , x") as a system of rec- 
tangular cartesian axes. The case treated by Hodge is obtained 
by specializing a and 6 to be 


11 = 
(11) a= 6 


= 
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With this choice of a and 8, Theorem 2 takes the form of La- 
place’s equation 


hence the name harmonic forms. With »=(0/dé‘)dt‘, the A 
of Theorem 4 can be taken 


1 
A = >2, 


n—2 
r 


= log r, when n = 2, 


where r?=2(x'—£')?. If we take 


dx’, 
(12) = —<és +--+ 4+ —— — 
dx} 
d#} — d 


then Theorem 2 takes the form of the parabolic equation 


OX —1 OX, 


Hence if a and 6 are defined by (12), we shall speak of an a8- 
form as a parabolic form, and /,@ as a parabolic functional. The 
A of Theorem 4 can be taken as 


1 


{ = —____ 


(x 
on 


If a and 8 are defined by (11), with the exception that 
a, = —0/dx", then (6) of Theorem 2 takes the form of the 
hyperbolic equation, and we can refer to such a$-forms as 
hyperbolic forms. 


5. Green’s Theorem for Parabolic Functionals. lf ¢ and y are 
regular (p—1)-forms, Hodge has proved the following theorem 
of Green useful in the case of harmonic functionals: 
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THEOREM. If a and B are given by (11) and D 1s any domain in 
our space bounded by the contour y, we have 


We shall now prove a corresponding theorem applicable to 
the case of parabolic functionals. Let a and 6 be defined by (12) 
and let 


then our final theorem reads: 


THEOREM 5. If D is a region in our space bounded by the con- 
tour y, and o and y are regular (p—1)-forms, then 


f oy, 


where [y*-$], means that terms of ¥*- not containing a dx” are 
dropped. 


Let 
Making use of (3) and (7), we have 


n(p—1) 


(As“y)-¢ = (— 1) 
j=l k=l 
Forming (Aa®)-W and subtracting, we obtain 
(13) 


* For proof see W. V. D. Hodge, loc. cit., p. 266. 


ox! Ox"! 
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Two distinct cases arise: 
Case 1. B:;;~8B,, 


ij ~tk x ij 


Case 2. 8;,=Bn, 
= — 


A term from Case 1 multiplied by dx* - - - dx’ and integrated 
leaves terms of the following type to be integrated over y: 
j—-1 a; in 
(— 1)" dx? dx 
whereas from Case 2, we get on integration but the one term 


ik-1 tn 


dx - dx 


1 


Thus if we integrate (13) over D and make use of the above re- 
sults, we see that the theorem follows. 
It is interesting to note that for n=2, p=1, Theorem 5 gives 


a2 a a2 
Axe Ox? OXe2 


0 
= evan, + (“6 = dss 
Ox, Ox, 


This result is well known in the literature.* 


DuKE UNIVERSITY 


* Boundary value problems for the new functionals will be presented in a 


later article. 


1935-] GREEN’S FUNCTION FOR AN ANNULUS 389 


A NOTE ON THE EQUILIBRIUM POINT OF THE 
GREEN’S FUNCTION FOR AN ANNULUS 


DEBORAH M. HICKEY 


1. Introduction. In a previous paper* the motion of the equilib- 
rium point of the Green’s function for a plane annular region 
was studied as the pole was shifted along a radius in the neigh- 
borhood of the geometric mean circle Co.f The expression for 
dr/dro on Co, r being the distance of the equilibrium point from 
the center of the circles, ro that of the pole, is — F,,/F,, where 


OF 2 1 1 2 (— 1)" 
Oro RL2 log R 8 A™—1 


m=1 R™+1 


In these formulas 1 and R are the radii of the inner and outer 
circular boundaries of the region. It was shown by an applica- 
tion of a theorem of Schlémilch{ that F,, does not vanish on Co. 
In this article this result and others are obtained by a method 
which seems better adapted to the problem. § 
It is noticed that the function 


=- » a=logR, 
sin — 1 


* D. M. Hickey, The equilibrium point of Green’s function for an annular 
region, Annals of Mathematics, vol. 30 (1929), pp. 373-383. 
+ The Green’s function for this region may be written in the form 


1 
M, <1 
Mo) = logan + 


= 1 cos m(9 — 80) m -|t 


We take F(r, ro) =0g/dr for r=ro= R'/? and 6—09=7. 

t Uber einige unendliche Reihen, Zeitschrift fiir Mathematik und Physik, 
vol. 23 (1878), p. 132. 

§ The suggestion that the method of contour integration and the theory 
of residues might prove useful was given by A. J. Maria. 


[log R log ro — log r log ro/R] 


| 
| 
| 
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where R is a real number greater than 1, has the sum of residues 
> Sak —1)"m/(R™—1) within a suitably selected contour con- 
taining as singularities only the poles 1, 2,---, of f(z). It 
turns out by an integration around a contour and certain limit- 
ing processes that an expression for F,, on Co is found which is a 
series of positive terms. The same method applied to a suitably 
chosen function f(z) yields for the value of F, a series of nega- 
tive terms. These values show that dr/dro is positive on Co. By 
means of the preceding results it is proved that d*r/dr,? is nega- 
tive on 


2. The Evaluation of F,, and F, on Co by Contour Integration. 
The contour C, chosen for the evaluation of F,, consists of the 
lines x, =n+1/2, +(2n+1)2/a, semi-circular arcs that lie 
to the right of the imaginary axis of positive radius p< m/(2a) 
and <1 and centers +2mzi/a, (m=0, 1,---, ”), and the 
straight line segments of the imaginary axis exterior to these 
arcs included between the upper and lower y, lines. The function 


fis) sin — 1 
is analytic inside and on C, except at the poles z=1,2,---,m 
of Hence the value of the integral (1/2mt) f(z)dz, 
where the contour C, is traced in the counter-clockwise direc- 
tion, gives ).%_,(—1)™m/(e*—1), the sum of the residues of 
f(z) inside C,. 

Let L, be the straight line segments on the imaginary axis, 
K,, the semi-circular arcs, and S, the remaining part of C,. Over 
L, the integral can easily be put into the form 


2 


1 n—l f (2mx/a)+p ydy 1 (2nx/a)+p ydy 
(2(m+1) r/a)—p Sinh ry 2 Sinh ry 
For the evaluation of the integral over the arc of K, with center 


at 2mmi/a, (m~0), a power series development of f(z) about 
this point is used. Evaluated, the integral gives 


a? sinh (2mx?/a) 


+ P,(p), 


* It is evident that the corresponding results hold for any annulus. 


| m 
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where P,,,(p) is a power series in p with constant term zero. 
Over the arc with center at the origin the value is found to be 
(—1/(2a))+Po(p). Thus integration around C, gives 


(—1)™™ 1 ydy 
( 


2 (2mx/a)-+p sinh ry 
1 ((2n+1) x/a)—p ydy 1 
(1) << 
2 (2nz/a)+p sinh Ty 2a 


Qn? 
+f f(e)dz. 


a? Sinh (2mx?/a) ma—n 


The value of (1/27) fc, f(z)dz is clearly the same for any posi- 
tive p less than both 2/(2a) and 1. Letting p approach zero in 
(1), we obtain 


(— 1)"m 1 ydy 


— 


2x? m 1 1 
— + f(z)dz. 


sinh ry 


(2) 


Now let ” become infinite. The left member of (2) has as 
limit the convergent series }>*_,(—1)™m/(e*™—1). The first 
term on the right approaches the definite integral 


1 ydy 
2 Jo sinh ry 
which is known to have the value 1/8. The series approaches 


=> 


m=1 sinh (2mz?, la)” 


The integral over S, has the limit zero. 

To prove this last statement consider the modulus of 
Jsnf(z)dz. It can be shown* that over the entire curve S,, 
and are bounded independently of n. 


* That |1/sin xz| is bounded on S, independently of » is proved essentially 
by Lindeléf in Théorie des Résidus, 1905, p. 32, footnote. The statement for 
|1/(e**—1)| can be proved in the same manner. 


_ 
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Let M be the greater of these two bounds. Moreover, on the 
upper and lower y, lines 


1 


| sin wz | 


1 
and on the right-hand boundary z= (m+1/2)++7y, 
1 1 


It then follows easily that 


Mk(2 1)? 1 
s, 2a 2 sinh ((2m + 1)2?/a) 


1 
+ a(nt1/2) |. 


where & is a constant independent of ». This is sufficient to 
prove the statement. 
In the limit for m infinite, (2) gives 


1 1 2 (— 2x* = m 
2a 8 an a? moi Sinh (2mr?/a) 
The left side of (3), where a is replaced by log R, multiplied by 
—2/R, is F,,. Thus F,, is positive. 
For the evaluation of F, let 


sinawz 

be chosen for f(z). Let the contour of integration C, consist of 
the lines x,=n+1/2, y,= +2nz7i/a, semi-circular arcs to the 
right of the imaginary axis of radius p<7/(2a) and with their 
centers at the points +(2m+1)zi/a, (m=0, 1,---, m), and 
the portions of the imaginary axis exterior to these arcs between 
the upper and lower y, lines. 

Applied to this function over the chosen contour, the method 
used above yields easily the result 


1 {— 1s = 2m + 1 


8 i mao sinh ((2m + 1)x?/a) 


= 
— 
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By use of (4) with log R=a, F, can be written as 


21? > (2m + 1) 
sinh 
log R 


a series of negative terms. With these values for F,, and F,, we 
conclude that dr/dro= — F,,/F, on Co is positive. 


3. The Sign of d*r/dro? on Co. From dr/dro= — F,,/F,, we cal- 
culate the second derivative 
d’r 
(5) = F;>*(2F,,F,F,. — — F,F 
dre 
From the general expressions for F,, and F, in terms of 17, fo, 
and R, the following relations on Cy are found to hold 


Fig, = — R"F,,, Fe = — 3R""F,, Fre = — R-"F,,. 


A substitution of these values in (5) gives 
(6) = + Fy). 


Since F,, and F,? are positive, the sign of d*r/dro? on Co is that 
of F,,+F,. From the results of the preceding section we have 


21? (— 1)"m 
F,, + F, = ———— 


This alternating series converges to a negative sum since its 
terms are in absolute value strictly decreasing to zero. This 
shows that d*r/dr,? is negative on Co. 


Mississippi DELTA STATE TEACHERS COLLEGE 
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NOTE ON A REMARK OF D. J. STRUIK ON 
CORRELATION COEFFICIENTS 


BY Y. B. D. DERKSEN 


In his paper on Correlation and group theory,* D. J. Struik 
points to the dualism between the total and partial correlation 
coefficients. 

Let there be given any scatter diagram in n-dimensional 
space, consisting of N points determined by the coordinates 


(i) (i) (i) 


For ease of computation suppose that 
1 
Xj = 0 = 1, 1) 
N i=] 
Then, if 
(i) (i) 
N int 


the Gram determinant of the system is 


O11 G12°°** Gin 


fon) 


Tnn 


Now let the minor of the element a;,"be denoted by 2;,; then 
the equation of the so-called correlation hyperellipsoid may be 
written either in the form 


(1) Luxe 23 19% 1%2 Dante = const., 
or, with tangential coordinates, 
(2) + + = const. 
The total correlation coefficients follow from 
ik 
9 


and the partial correlation coefficients are given by 


(3) = 


* This Bulletin, vol. 36 (1930), pp. 869-878. 
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— Zin 
4) = 
( 

The equations (1), (2), (3), and (4) show, according to Struik, 
that the total and partial correlation coefficients may be con- 
sidered as the duals of each other. 

We may ask if any statistical meaning can be attached to this 
view. This is answered by the following theorem. 


Given any scatter diagram in n-dimensional space, it is possible 
to indicate a second, also in n-dimensional space, whose total cor- 
relation coefficients equal the opposites of the partial correlation 
coefficients of the first, and vice versa. 


Proor. Let the » coordinates of a point of a second scatter 
diagram be defined by 


(i) (6255) 
v1 v1 
(iz) 
Xe Xe ate Xe 
(5) Vp = (— 1) ¥p-1 Xp-1 
=) 
(i) (is) (in—1) 
(p=1,2,---,m), where (4, %, - - - , 4,1) is any combination of 


n—1 numbers from the N integers. 

If the total and partial correlation coefficients of this second 
scatter diagram are denoted by pj, and pjx-12... (j)--- 
then we shall prove 


(6) Pik = 
(7) = — 


Consider now a well known theorem from the theory of de- 
terminants: 


= 
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(— 1)ite 
(8 
) Die N*1 
(i) (i) (i) i) (i) (i) (i) (i) (i) 
1 1 1 1 1 


= > Vi VE : 


(ti < < 


Omitting the conditions 4;<#%< --- <tn,_1, (8) becomes 
9) = —— Ye 


for the number of permutations of a set of m—1 fixed values 
i1, - , In_1 iS(#—1)!,and although the individual quantities 
~may change sign by such a permutation, the pro- 
duct never changes. The right member 
of (9) contains N(N—1) - - - (N—n+2) terms. 

Now developing the determinant y,“1:***:‘»-) by the elements 
of the first column and summing with respect to i; only, we have 
=0, as =0, (j=1,2,---,). There- 
fore iy. =O. Let 


1 


 N(N —1)---(N—#+4+2) 
let G’ denote the determinant obtained from G by replacing oj, 
by sj, and let Sj, be the minor of the element s;. of G’. From 
the definition of the total correlation coefficient and (9), it fol- 
lows that 
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(6) = 
Pik = = a = — 
(2 


From the formula for the partial correlation coefficient and 
(9) we get, using a theorem on reciprocal determinants, 


— Six — 


(7) — Vike 


An interesting result can be obtained by a generalization of 
Struik’s remark: A partial correlation coefficient of the pth order 
may be considered as the dual of another partial correlation co- 
efficient of the (n—p—2)th order. 

The statistical meaning of this statement is as follows. 

If rie. (i41)(442)--- n iS a partial correlation coefficient of the 
(n—1)th order of the first scatter diagram and py.3...; a like 
coefficient of the (:—2)th order of the system defined by (5), 
then making use of a theorem on reciprocal determinants, 


ali 
> 
—32 
—i2 “ii 
9.4 
—22 “ll —13 “li 
> 
O21 G2 i+1 
1 
O11 Gi i+1 Tin O22 G2 i+1 
1 2 
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Therefore 
(10) Pi2-3---8 = M12-(i+1) (64+2)---n- 


The numbering of the variables is immaterial; therefore gen- 
erally, 


(11) Pik-{p}) = — Tjk-{n—p—2} 


where { p} denotes any groups of p subcripts not including j-or 
k, and {n—p—2} the remaining ones. It is clear that (6) and 
(7) are particular cases of (11). 

From the theory of partial correlation we know how to ex- 
press partial correlations of order mn —2 in terms of those of order 
n—3 and vice versa: 


112-34---(n—1) — Yin-34---(n—1) 


113-34---n + Vin-23--+(n—1) 2n-18--+(n—1) 


(12) T12-34---n 


(13) 712-34---(n—1) = 
2 


These formulas resemble the well known formulas 


Pi2 — P23 
(14) Pi2-3 = 
(1 — pif )*/?-(1 — 
Pi2-3 + pis-2° p2s-1 
(15) Piz 


(1 — (1 — 


though (12) and (13) are usually derived in a rather compli- 
cated way (see Yule, Theory of Statistics, Chapter 12) that does 
not show this similarity. Equation (14) follows from (4) if we 
take n=3, j7=1, k=2. 

Now if we apply (10) (for »=3) to (14), we immediately get 
(15) and then replacing the subscript 3 in (14) and (15) by the 
subscript » and again applying (11), we obtain (12) and (13). 


Den Haac, HOLLAND 
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NOTE ON THE GEOMETRIC INTERPRETATION OF 
THE VANISHING OF A CERTAIN PROJECTIVE 
INVARIANT OF TWO CONICS* 


ROBIN ROBINSON 


1. Introduction. The envelope of a line moving so that its pairs 
of intersections with two conics form a harmonic set is a third 
conic; the eight tangents to the given conics at their four points 
of intersection touch this envelope. The discriminant of this en- 
velope is a relative invariant of weight four of the pair of ternary 
quadratic forms defining the given conic, and is the projective 
invariant mentioned in the title. When it vanishes, the envelope 
is degenerate, and the eight tangents mentioned above pass by 
fours through two points.f 

Let the point-equations of the given conics be 


= 0, aij = Aji, = 0, = 
Then their line-equations are 
= 0, >. = 0, 


where A;; is the cofactor of a;; in the determinant | ais|, and 
similarly for B;;. The line-equation of the envelope is then 


Does = 0, 


where a;; is found by the Aronhold process:{ 


0A OB;; 
aj = => a: 


The condition that the envelope be degenerate is then | xs; =0. 
For want of a better term, we shall say that the two given conics 
are related if the envelope is degenerate. We shall proceed to 
prove a number of properties of related conics. Although most 


* Presented to the Society, December 27, 1934. 

t+ Salmon, Conic Sections, 1917, pp. 306 ff., 345; Clebsch-Lindemann, 
Vorlesungen tiber Geonretrie, 1932, vol. 1, pt. 1, pp. 513, 523. 

t Clebsch-Lindemann, loc. cit., pp. 501, 513. 
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of these properties are more general, we shall limit our discus- 
sion to related conics intersecting in four distinct points. 

2. Related Conics. The locus of a point moving so that the 
lines joining it to the four points A,(1, 0, 0), A2(0, 1, 0), 
A;(0, 0, 1), Aa(1, 1, 1), respectively, have the cross-ratio ) is 
the conic 

(1 A) — XoX3 + = 0. 
Here \ represents not only the cross-ratio of the four lines, but 
also of the four points as points of the second order pencil lying 
on the conic. As \ varies we obtain a whole pencil of conics, the 
degenerate cases being given by A\=0, 1, ©. Let us determine 
under what conditions two non-degenerate conics of the pencil 
are related. The equation in line-coordinates of the conic C given 
by A is readily found to be 
ue + Nu? + (1 — + — 2A(1 — 
+ 2(1 — A)uzu, = 0. 
If these coefficients are now polarized by the Aronhold process 
with respect to the coefficients of a second conic of the pencil, 
C’, given by N’, the resulting coefficients a;; are those for the 
envelope, whose equation is thus 
ue + + (1 — — + (A+ NV) atte 
Its discriminant is 
= 400+ — (A+ A+ N)], 
and the condition that the two given conics be related is 


=0, that is, =0, or =2, or 1/A+1/X’ =2. These 


relations can also be written 
Since \, 1—X, and 1—1/) and their reciprocals are the six cross- 


ratios of the four base-points in different orders, we may state 
the following theorem. 


THEOREM 1. A necessary and sufficient condition that two non- 
degenerate conics with four distinct intersections be related 1s that 
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the cross-ratio of these four intersections in some order as points 
of one conic be the negative of the corresponding cross-ratio for the 
other conic. 


The proper order of the intersections gives us a pairing of 
what we shall call associated intersections. For example, if 
= since (A1A2, Ai and A? are associated inter- 
sections, as also are A; and Aj. 

If the above three relations are written \’= —d, \’=2—X, 
\’=/(2A—1), the values \= —1, 2, 1/2 are each seen to make 
one of the values of \’ correspond to a degenerate conic, and 
hence we have the following theorem. 


THEOREM 2. In a pencil of conics with four distinct base-points, 
there are just three non-degenerate conics which are related to a 
given non-degenerate conic, unless the base-points form a harmonic 
set on the given conic, when there are just two non-degenerate re- 
lated conics. One of these related conics corresponds to each pairing 
of the four base-points, except when the two pairs separate one an- 
other harmonically. 


Let us now consider the tangents to two distinct non-degen- 
erate conics C(A) and C’(\’) at a common point, say A,(1, 0, 0). 
They are respectively 


Ti: (1 + = 0, Ti: (1 + d’x3 = 0. 
Solving simultaneously the equations of 7, and 


we find that they intersect at A, and 


—d 
). 


Similarly, 7/ meets C at A; and 


Si: (1, ). 
For convenience we shall call S,; and Sj the satellite points of Ai. 


Now S, and Sj are collinear with A2(0, 1, 0) if and only if 
the determinant of the three sets of coordinates vanishes, that 
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is, if and only if \’ = —X, in other words, if and only if C and C’ 
are related conics with A; and Az associated intersections. 
Similarly, S; and S;’ are collinear with A;(0, 0, 1) if and only 
if \’=2—X, and with A,(1, 1, 1) if and only if \’=A/(2A—1). 
It is clear from this that if \’ = —X, the satellite points of A» 
are collinear with A;, those of A; with Ay, and those of A, with 
A;. Hence we may state the following theorem. 


THEOREM 3. A necessary and sufficient condition that two non- 
degenerate conics with four distinct intersections be related is that 
the satellite points of a point of intersection be collinear with a 
second point of intersection; when this is true, the satellite points 
of each intersection are collinear with the associated intersection. 


It is interesting to note that if the two conics are circles, then 
a necessary and sufficient condition that they be related with 
their finite intersections associated is that they be orthogonal.* 
This property suggests related conics as a natural projective 
generalization of orthogonal circles, which indeed they are. 

That related conics are not a natural generalization of or- 
thogonal conics in general is readily illustrated by the case of the 
ellipse and the hyperbola b? x?—a? y? =a# 
which are orthogonal if and only if confocal. The writer has 
found that they are related with their first and second quadrant 
intersections associated if and only if b;=de. 

Since in the case of related conics the envelope mentioned in 
the first paragraph is degenerate, the eight tangents 7;, T;’, 
(t=1, 2, 3, 4), to Cand C’ at A;, («=1, 2, 3, 4), pass by fours 
through two points. In case \’= —X, 71, Te, , are concur- 
rent at the point (1, —A, 1—A), while 73, 7;, T{, T? are con- 
current at (1, A, 1+A). The two sets are perspective in the line 
x1 —X2-+x;=0 (and also in another order in the line x;—x2.—x; 
=(), and hence have the same cross-ratio. From the equations 


Ti: (1 — A)xe + = O, T2: (1 — — 43 = O, 


T3: ha, + x2 = O, Ti: xy — (1 + = O 


we see that 77 ~7,+AT»2, T/ so that the cross-ratio 
is \?. 


* Salmon, loc. cit., pp. 348 ff. 
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THEOREM 4. If two conics are related, the eight tangents to them 
at their four points of intersection are concurrent in two perspec- 
tive sets of four each, one of whose common cross-ratios is the 
square of the corresponding cross-ratio of the four corresponding 
intersections regarded as points of one of the conics. 


In case the two conics C and C’ are related with A; and A2 as 
associated intersections, \’= —X, and the satellite points of A; 
become 


— -2r 2r 
Si: 2), (1, 2), 


and their join becomes the line x3 = 2x;. Since this is independent 
of \, we have the following theorem. 


THEOREM 5. If each non-degenerate conic of a pencil with four 
distinct base-points is paired with the related conic for which two 
definite base-points are associated intersections, the satellite points 
of one intersection all lie on the same straight line through the other 
intersection. 


3. Related Line Conics. It is of course desirable to consider the 
dual of two related conics. The locus of a point moving so that 
the four tangents drawn from it to two given conics form a 
harmonic set is a third conic, and the two given conics are re- 
lated in the dual sense if this locus is degenerate. Suffice it to 
say that for the conics C and C’ this locus has the equation 


— + af + af) + 2[2 
+ + 2’)[2 — (A+ 
+ + d’) — (A + 0’) = 0, 
and that its discriminant is 
— — — N)[2 — A+) A+N)]). 
Since neither C nor C’ is degenerate, \A’(1—A)(1—X’) #0, and 
hence this locus is degenerate when and only when C and C’ are 


related in the original sense. Hence we have the following theo- 
rems. 


THEOREM 6. Relatedness is a self-dual property. 


THEOREM 7. Two non-degenerate conics with four distinct com- 


= 
= 
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mon tangents are related if and only if the cross-ratio of these four 
common tangents in some order as lines of one conic is the negative 
of the corresponding cross-ratio for the other conic. 


If the other tangents to C’ and C drawn from the points of 
contact of a common tangent with C and C’, respectively, be 
termed satellite lines of the common tangent, then we have the 
following theorem. 


THEOREM 8. The satellite lines of a common tangent to two non- 
degenerate conics are concurrent with another common tangent if 
and only if the conics are related. 


CorROLiARY. The satellite lines of a real common tangent to two 
orthogonal circles are concurrent with the other real common tan- 
gent. 


4. Osculating Cubic of Related Conics. In order to study the 
next property of related conics we shall introduce a non-homo- 
geneous coordinate system in which A, is the origin, A,S; and 
A,S/ the x and y axes, respectively, and S,S/ the line at infinity. 
Since then C is tangent to the x axis at the origin and passes 
through the point at infinity on the y axis, its equation is 


x?/(ax + 


—axy—by=0, or y 
Similarly, 
C’: —cxyt+ y?—dx=0, or x 


y?/(cx + d). 


Any cubic having a node at the origin with the axes as nodal 
tangents will have an equation of the form 


Qu: ax? + Baty + yxy? + by? — bdxy = 0. 


It is clear that the undetermined coefficients a, B, y, 6 leave us 
just enough freedom to make Q, have four-point contact with 
each of Cand C’ at A;. For example, if Q; and C are to have four- 
point contact at A,, they must intersect five times there (four 
times for one branch of Q;, once for the other). That is, if we 
substitute y=x?/(ax+b) in the left member of the equation of 
Q;, x° must be a factor of the resulting expression. Substituting 
and multiplying by (ax+5)*, we obtain the equation 


ax*(ax + + Bxt(ax + b)? + yx5(ax + 
+ 6x* — bdx*(ax + b)? = 0. 


= 


1935-] A PROJECTIVE INVARIANT 405 


Equating to zero the coefficients of x* and x*, we have 
ab? — = 0, a=d, 
3aab* + Bb? — 2ab*d = 0, B = — ad. 


Performing the same process with Q; and C’, we obtain the re- 
lations y = —bc, 6=b. Hence the equation of Q; becomes 


dx* — adx*y — bexy? + by*® — bdxy = 0. 


This we shall call the osculating cubic of C and C’ for the inter- 
section A;. Since Q; cuts each of C and C’ five times at A,, it 
must have a single intersection with each somewhere else. If 
we multiply the first equation given above for C by dx we obtain 
dx* —adx*y —bdxy =0. Subtracting from the equation of Q:, we 
have —bcxy?+by*=0, and so the remaining intersection lies on 
the line y =cx, which also passes through the intersection of C’ 
with the line at infinity other than S;. In a similar manner, the 
remaining intersection of Q; and C’ lies on x=ay, which also 
passes through the intersection of C with the line at infinity 
other than S/. 

Now a necessary and sufficient condition that C and C’ be 
related is that these extra intersections with the line at infinity 
be coincident, that is, ac=1, in which case they also coincide 
with the extra points common to Q; and C, and to Q; and C’; 
and conversely. Hence we have the following theorem. 


THEOREM 9. A necessary and sufficient condition that two non- 
degenerate conics be related is that the osculating cubic at any inter- 
section pass through another intersection, which in this case is the 
associated intersection. 


Curiously enough, it was this property in the case of two or- 
thogonal circles which introduced the writer to this problem. 

Returning now to our original coordinate system, and to the 
related conics C and C’ for which \’ = —X, I remark that it is 
merely a matter of detail which I shall spare the reader to show 
that the equation of the osculating cubic Q; at A; is 


Qi: (3x3 — 2x1)xe + + — x3)? = 0. 


As \ changes, the cubic Q, for the pairs of conics C and C’ form 
a pencil, with base-points as follows: 


=> 
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Quadruple base-point: A(1, 0, 0), common node; 
Double base-points: (1,0, —2), common tangent x3+2x,=0; 
(3, 2, 2), common tangent 3x3 — 2x, =0; 

Simple base-point: A2(0, 1,0), associated intersection. 
It is interesting to note that the common tangents at both 
double base-points pass through A». Moreover, x3 =0 is the 
harmonic conjugate of S,S/ (x3=2x,) with respect to the lines 
(x3=0) and AeA; (x1 =0), while 3x3;—2x,=0 is the har- 
monic conjugate of S,S{ (x3;=2x,) with respect to A1A2 (x3;=0) 
and AoA, (x3=%}). 

By applying the involution 


pr, = 2g — 22, pie = = 


which interchanges A; and Ae, A; and A,, and leaves C and C’ 
invariant, Q,; is transformed into Qe, the osculating cubic at Ao, 
which also passes through the associated intersection Ai: 


Qe: (x3 + 2x2)(%1 — x3)? + — 2x2) x? = O. 


Since every point of the line x;=x:+%x2 is invariant under the 
involution, three of the intersections of Q; and Q, lie on it. Two 
more are at each of A; and A2. The only fixed point of the in- 
volution not on x3=x:+2 is the point (1, 1, 0), which lies on 
neither cubic, so the two remaining intersections of Q; and Q2 
are interchanged by the involution, and hence lie on a fixed line 
passing through (1, 1, 0). Suffice it to say that if \ is real they 
may be shown to be conjugate imaginary. 

Similarly, the cubics Q; and Q,, osculating cubics at A; and 
A,, may be obtained. Three of the intersections of Q; or Q2 with 
Q; or Q, lie on a line, while the other six lie on a conic. 

Just one more property seems worthy of mention. The points 
S,; and S;’ on the line x3=2x,; may be given by the relation 


[(1 — dA)xe + ][(1 + — = 0, 


or X22—)?(x2—2x,)?=0. This same line meets Q; at Az and at 
the points given by x2?-++A?(x2—2x1)?=0. These two pairs of 
points separate one another harmonically, though the second 
pair is imaginary when ) is real. 


DARTMOUTH COLLEGE 


= 
= 
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A GROUP OF OPERATIONS ON A PARTIALLY 
COLORED MAP 


BY IRVING KITTELL 


It has been previously shown* that if there be a minimum 
uncolorable map, and it is colored with the exception of one 
five-sided region in the four colors A, B, C, and D, then only 
one of the colors (say B) will be repeated in the five regions 
touching the region not colored, and that this ring of regions can 
be assigned the colors DBABC in order. It has likewise been 
shown that when the map is thus colored, i 
there will be two intersecting Kempe chains JAIN 
running from A to C and A to D, respectively. \ 

We shall say that any map, whether minimum D 


uncolorable or not, which is partially colored M\ 
in the above manner is colored impasse. The ey Pg 
situation may be represented as in Fig. 1. Fic. 1 


The diagram does not attempt to show where or how many 
times the circuits cross one another. It merely means that they 
do cross. Here we have placed the uncolored five-sided region 
outside the rest of the map. We do this for compactness, but it 
must be noted that what follows is not dependent upon this 
choice of representation, nor upon the choice of lettering. Also 
to be remembered is the fact that right and left have only arbi- 
trary meanings in discussing a map which may be deformed in 
any continuous manner over the surface of a sphere. Most 
writers would draw such a map with the uncolored region in- 
side. We here call the D region the one in the diagram above on 
the right of A, and the C region the one on the left of A. We 
make the following definitions. 

The region A is called the vertex of the ring. It is the region 
in this ring which lies between the two regions having the same 
color. We call the AC circuit the left-hand circuit and the AD 
circuit the right-hand circuit. We call the BD chain which in- 
cludes the B region in the ring between A and C the left-hand 


* P. J. Heawood, Map colour theorem, Quarterly Journal of Mathematics, 
vol, 24 (1890), pp. 332-338. 
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chain and the BC chain which includes the other B the right- 
hand chain. We call the CD chain which includes the C and D 
regions of the ring the end tangent chain; the BC chain touching 
the ring in the adjacent B and C regions the left-hand tangent 
chain; and the BD chain touching the ring in the adjacent B and 
D regions the right-hand tangent chain. Finally, we call the AB 
chain which includes the vertex, the osculating chain. 

We now distinguish nine operations that can be performed on 
the map above. 

: transposing the colors of the left-hand chain. 

: transposing the colors of the right-hand chain. 

: transposing the colors of the left-hand circuit. 

: transposing the colors of the right-hand circuit. 
transposing the colors of the end tangent chain. 

: transposing the colors of the left-hand tangent chain. 

: transposing the colors of the right-hand tangent chain. 

: transposing the colors of the osculating chain. 

t: leaving the coloring unchanged. 

In all of these operations no color at all will be assigned to the 
outside region. 

Now, unless each of these operations or any combination of 
these operations leaves the map in a form analogous to the first 
form above (that is, with two intersecting circuits running from 
the region between the two of the same color) it will be possible 
to color the map. Hence we may say that all of these operations 
are possible on a minimum uncolorable map. But it does not 
follow that any map on which all of these operations are possible 
is necessarily uncolorable. 

Errera* describes explicitly only the operation a (or 8) of 
these nine. Here we wish to study as exhaustively as possible all 
of the operations, and to see if there is any contradiction in 
their all being possible. 

These nine operations are the generators of a group, which we 
will call the impasse group, and which consists of all possible 
combinations of these operations. In operating upon a map by 
two transformations in succession, it is to be noted that the first 
operation may move the vertex of the ring. Then any second 


BIW HR DWR 


* Alfred Errera, Du Coloriage des Cartes et de Quelques Questions d’ Analysis 
Situs, Thesis, Gauthier-Villars, Paris, 1921, 66 pp. 
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operation is referred to this vertex, for example, a transposes 
the chain on the left of this new vertex, etc. Thus, the operation 
a will move the vertex 144°, and hence, if it is performed twice, 
it will move the vertex through 288°, etc. We may note the 
following identities: 


2 


aB=Pa=., 

It follows that each of the generators has an inverse, and 
therefore each member of the impasse group has an inverse. 
Since we are dealing with a map of a finite number of regions, 
it is apparent that each of the operations of the group is periodic. 
The operation a@ has a period of at least twenty, since it can give 
twenty different arrangements of the colors of the five regions 
touching the uncolored region. It should be noted that in some 
maps a may have a period of forty, sixty, etc. The operation 8 
also has an apparent period of twenty, while ¢ and 7 have 
periods of fifteen. The operations y, 6, €, 6 all have periods of 
precisely two. 

We do not know how many members of the impasse group 
of an uncolorable map there may be, but we can show that there 
must be at least one hundred twenty. There are that many 
permutations of the colors of the five regions touching the un- 
colored region, and it can be shown that each one of these per- 
mutations can be effected by some operation of the impasse 
group. We shall not enumerate the operations for the various 
permutations, but merely assure the reader that such operations 
have been found. It can be shown that all of the permutations 
except twelve can be obtained by raising either the primitive 
operations or operations formed of pairs of the generators to vari- 
ous powers. For these twelve, we can use powers of triples. In 
all we can use powers of the following operations only: a, £, a, 
ya, ay, Fa, af, yn, €n, €85, Be. 

While we thus know that there must be at least 120 members 
of the impasse group, it must be remembered that there may in 
some cases be many more. For example, (86)§ and (ay)? each 
gives DA DBC for the ring, but the remainder of the map might 
conceivably be colored differently by these operations. 

Errera presented a map on which the operation a could be 
repeated twenty times to return to the original coloring. At each 
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step the coloring remained impasse. We wish to point out a few 
additional facts about Errera’s map, which is shown in Fig. 2. 
The operations a and ¢ give the following results shown in 
Figs. 3 and 4. 


Fic. 2 


We say that these operations are in this particular map equiv- 
alent, since one coloring can be obtained from the other by 
simply permuting ABCD to ADCB throughout the whole map. 
Repetitions of ¢ give the diagrams shown in Figs. 5—7. 


Fic. 5 FIG. 6 Fic. 7 


Now note that ¢* is equivalent to t, since this map could have 
been obtained from the original map by rotating through 144° 
and replacing ABCD by CBDA. It is apparent, therefore, that ¢ 
raised to any power is equivalent to 1, ¢, ¢?, or ¢. 

Similarly it can be shown that a? is not essentially different 
from ¢?, nor a* from & nor a4 from ¢ or t. Hence any power of a 
gives an impasse coloring. It can also be seen that a?°=c, and 
this is what Errera showed. 

It can also be shown that 6, y, 5, 8, and 7 are equivalent to 
&, and &, respectively; that yf, 5¢, Bf, nf, and ef are 
equivalent to ¢, and ¢, respectively; that 0¢7, yf?, 6¢7, B¢?, 
and nf? are equivalent to 1, ¢?, 7, ¢, and ¢, respectively; and 
that y¢*, B&*, n&*, and ef? are equivalent to ¢%, ¢?, ¢?, and 
respectively. 
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However, the operation ¢€ gives us the diagram shown in Fig. 
8. But this coloring is not impasse, since the circuits do not 
intersect. The operation 0¢ gives the diagram shown in Fig. 9; 


and this also fails to be impasse since the circuits are both 
broken. It may be easily shown that 6£? is likewise ruled out, 
as is 

In conclusion, we say that the operations a, B, y, 5, ¢, 7, are 
possible in any combinations or raised to any power, etc.; that 
these give rise to only three essentially different colorings (if 
we note that {* is merely a reflection of £); and that ¢€ is possible 
when @ is impossible and only then, the former being possible on 
two of the three different colorings but not on the third. 

Thus it is shown that there is no possibility of proving any 
contradiction between a, 8, y, 6, ¢, and 7, no matter in what com- 
binations they are used, because in Errera’s map we have a 
case in which they are not contradictory. However, the forego- 
ing suggests that there may be a contradiction between e, 8, 
and the other operations. If we can find some operation of the 


Fic. 10 


LES 
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impasse group or some set of operations such that no map will 
remain impasse under these operations, then the four-color 
problem will be solved. 

The map shown in Fig. 10 is such that each of the primitive 
operations (that is, a, 8, y, 5, €, ¢, 7, 6) leaves the coloring im- 
passe. This shows that no contradiction can be proved for the 
primitive operations taken singly. 


Fic. 11 


However, in the map of Fig. 10, a? results in a coloring which 
is not impasse. Does this mean that there is a contradiction be- 
tween ¢€ and 6 and a?? The answer is negative, as is shown by 
the map of Fig. 11. Here € and @ are each possible. Also a, a?, a’, 


and a‘ are each possible, but a® results in a non-impasse coloring. 


We now give another map in Fig. 12, on which the operations 
y, 5, € are possible in any combinations. However, in this map 
none of the other operations (that is, a, 8, ¢, n, 8) are possible. 


EES. 
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But it shows at any rate that any effort to find a contradiction 
between vy, 6, €, or any combination of these, would be futile. 

We have failed to find a map on which all of the operations 
of the impasse group are possible. 


New YorK UNIVERSITY 


ON THE EQUIVALENCE OF TWO METHODS 
OF DEFINING STIELTJES INTEGRALS* 


BY B. C. GETCHELL 


1. Introduction. The Stieltjes integral, S'o(x)dg(x), was origi- 
nally defined for ¢(x) continuous on the closed interval [a, 6], 
and g(x) of bounded variation. The limit which gives rise to this 
integral is taken as the length of the greatest sub-interval ap- 
proaches zero. The above restrictions on $(x) and g(x), how- 
ever, are not at all necessary for the existence of the limit, al- 
though it fails when the two functions have a common point of 
discontinuity. A generalization which permits such discontinui- 
ties is obtained by taking the limit in the sense of subdivisions, t 
to be defined below. The Riemann integral is an instance of the 
first type of limiting process, while the associated Darboux in- 
tegrals are of the subdivision type. These can be shown to be of 
the first type as well. It is the purpose of this note to obtain 
general conditions for the equivalence of the two limits. By the 
introduction of the notion of interval functions a simple re- 
striction on the integrand is found to be both necessary and 
sufficient. 


2. Subdivisions. By a subdivision, o, of the linear interval 
X =[a, b] will be understood a finite set of adjacent sub-inter- 
vals whose sum is X. The norm of o, the length of the greatest 
sub-interval, will be written NV,. By the product, o’-o'’, of two 
subdivisions of X will be understood the subdivision which con- 
sists of all products of the form I’-I’’, where I’ is an element of 
o’, and J’’ is an element of o’’. It is assumed that every such 


* Presented to the Society, April 6, 1934. 
t Moore and Smith, A general theory of limits, American Journal of Mathe- 
matics, vol. 44 (1922), pp. 102-121. 
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pair of subdivisions has a product. Whenever two subdivisions 
o and a’ of X satisfy the condition ¢ =a-a’ we shall write ¢2¢’. 
This is equivalent to having every element of ¢ contained in or 
identical with some element of a’. 


3. Interval Functions. An interval function, f(I), on X will be 
any relation which assigns one or more finite real values to each 
sub-interval J which is an element of a subdivision of X. The 
expression f(I) =(£) [g(x’’) —g(x’) |, x’ where and 
g(x) are bounded point functions, and x’, x’’ are the left and 
right end points of 7, may be taken as an example. 


4. Integrals. The symbol >>, f(J) will be used to designate any 
sum of the values of f(/) obtained by choosing one value to cor- 
respond to each element of c. It is a function of ¢ and may be 
multiple valued. The norm and sigma integrals of f(J) on X, 
written Nfxf(I) and ofxf(J), respectively, will be the corre- 
sponding limits of >> .f(J) with respect to the subdivisions of X. 
These limits are defined explicitly as follows. 

(1) The norm limit. If there exists a finite number A such that 
for every positive number e a positive N, can be found which 
makes* LUB|)_.f(I) —A| <e whenever a is a subdivision of X 
with N,<N., we write limy >-.f(J) =A. 

(2) The sigma limit. If there exists a finite number A such 
that for every positive e there can be found a subdivision o, of X 
with respect to which LUB |>°.f(I) —A| Se whenever o2«,, 
we write lim,)..f(I) =A. This is the limit in the sense of sub- 
divisions mentioned above. It is easily shown to exist and to be 
equal to the norm limit when the latter exists. 


5. Additive and Pseudo-Additive Functions. Let I' and I'’ bea 
pair of adjacent intervals with the common end point x. Con- 
sider now the expression 


A(I, x) = LUB| f(D |, 


where J=J'+I’’. The function f(J) is said to be additive if 
A(J, x) is zero for every such pair. We shall need a weaker con- 
dition. If lim A(J, x) =0 as the length of J goes to zero, we shall 
say that f(J) is pseudo-additive at x. The function will be called 
pseudo-additive on the interval X if it has the property at every 


* LUB=least upper bound. 


= 
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point. When elements of zero length (points) are permitted, it 
becomes possible for three sub-intervals to be adjacent in the 
sense that they have a common end point. Then A(J, x) must 
take the form 


LUB| f(I') + fl”) + - 


The continuous interval functions are necessarily pseudo-addi- 
tive. 


6. Condition for Equivalence of Integrals. As stated in the in- 
troduction, the sigma integral may exist when the correspond- 
ing norm integral fails. The following theorem gives the condi- 
tion for their equivalence. 


THEOREM. For the existence of N{xf(1) it is necessary and suffi- 
cient that ofxf(I) exist and that f(1) be pseudo-additive on X. 


Necessity. Since the existence of the norm integral implies that 
of the sigma integral, it must be shown only that f(J) is pseudo- 
additive on X whenever the former integral exists. If the con- 
trary is assumed, there must be a point x of X and a positive 
number é such that for every N >0 there can be found a pair of 
adjacent intervals I’ and I’’ of X with the following croperties: 
I’ and I’’ have x as a common end point, their sum, J, has a 
length not greater than N, and LUB|f(I’)+f(I’)—f(D! >eo. 
Now choose a subdivision o’ of X with I’ and I’’ as elements and 
with norm less than or equal to N. Let o’’ be the subdivision 
obtained by the substitution of J for its components in o’. Then 


—Leerf(D)| 2LUB\F(I') +f") -f(D| > eo. 
Since N is arbitrary, the hypothesis that N{xf(J) exists cannot 
hold. 

Sufficiency. From the definition of the sigma integral it fol- 


lows that for every positive e there exists a subdivision o, of X 
such that 


(1) of a) <e/2 
whenever o20,. Let x1, - + -, Xn be the end points of the ele- 


ments of o,. If k is the number of its sub-intervals, it is possible 
to find, because f(/) is pseudo-additive, an N/ >0 such that 
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(2) LUB| fil’) + fl”) — f()| S e/(2k) 
whenever the length of J is not greater than N?, and one of the 
points x1, - - - , X, is a common end point of I’ and J’’. If N2’ 


is one-half the least distance between any two of the above 
points, let the lesser of NV? and N2’ be designated by N,. Then, 
by reason of (2), it follows that 


(3) — | S ke/(2k) = e/2 


whenever NV, and o=o’-o,20,. Therefore 
| 
LUB| — of <e 
x 


by reason of (1) and (3), and the norm integral exists. It is as- 
sumed that the points x, - - - , x, are all distinct, that is, that 
sub-intervals of zero length are excluded. The proof is easily 
modified to allow for this case also.* 


EXAMPLE 1. The elements of subdivisions in the first four ex- 
amples will be closed intervals, and f (J) = | g(x’’) —g(x’)| , where 
x’ and x’’ are the left and right end points of J. If g(x) is of 
bounded variation, then of, f(I) exists and is equal to the total 
variation of g(x) on X. The theorem just proved gives the well 
known condition 


| o(x) — g(x — 0)| + | g(x + 0) — g(x)| = | g(x + 0) — g(x — 0)! 


at each inner point of XY for the existence of the total! variation 
as a norm integral. 

EXAMPLE 2. f(I) =$(&)[g(x’’) —g(x’)], x’ S&Sx"’; and 
g(x) are bounded point functions. In this case A(J, x) takes the 
form 


LUB| [6(é’) — ]1g(x) — g(x’)] 
+ [o(é’”) — o(€)][g(x”) — g(x)]), 


* After this note had been sent to press, T. H. Hildebrandt called the 
author's attention to an article by Gustav Doetsch, Journal fiir Mathematik, 
August, 1934, in which the property referred to here as pseudo-additive is 
shown to be sufficient for the existence of the norm integral in the special case 
of monotonic interval functions. Application is made to extensions of the 
Darboux theorem on upper and lower integrals. 


E 
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x’ LimA=Oat any point where ¢(x) or g(x) is 
continuous. To show that the converse is also true we assume 
that they have acommon point of discontinuity at x. Then there 
exists an @¢) >0 such that for every positive number N two points 
x; and x2 can be found which satisfy the inequalities | x2 —x| 
/2, | g(x1) —g(x)| > Veo, and | $(x2) —6(x)| > Veo. 
Without loss of generality it may be assumed that x,<x. In 
the above expression for A let x’=x, and x’’=x+WN/2. If 
Xe<x let &=£’’=x and £’=x. On the other hand, if x <x. take 
&=£'’ =x, and £’=x. In either case 


A(T, x) = | [6(x2) — — | > (Vea)? = oo. 


But | x’’—x’| < N, an arbitrary number. It follows that f(/) is 
pseudo-additive on X if and only if (x) and g(x) have no com- 
mon point of discontinuity. 


EXAMPLE 3. Substitute x’ for x’ inExample2. 
The resulting integrals* are more general but reduce to the cor- 
responding integrals of the earlier example whenever these exist. 
The condition that f(7) be pseudo-additive is the same, with the 
exception that @(x) and g(x) may have removable discontinui- 
ties at the same point. If either discontinuity is not of this type, 
the norm integral fails to exist, unless the point in question is 
an end point of X. Consider the case ¢$(x) =g(x)=0, x¥x0; 
(xo) = g(xo) =1, xo an inner point of X. Both integrals exist and 
have the value zero. Under the definition of f(7) in the previous 
example neither integral exists. 


Examp.e 4. f(I) = [6(x"’) +(x’) ] [g(x’’) — g(x’) ]/2.4 


2A(I, x) =| g(x’) 1 
| g(x”) 11 


If the sigma integral exists, the vanishing of the determinant at 
each inner point of X as x’ and x’’ approach x independently 
from opposite sides is a necessary and sufficient condition for 
the existence of the norm integral. 


* B. Dushnik, Dissertation, University of Michigan, 1931, p. 13. 
+ H. L. Smith, Transactions of this Society, vol. 27 (1925), p. 491. See 
also H. S. Kaltenborn, Dissertation, University of Michigan, 1934. 


= 
= 
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EXAMPLE 5. Subdivisions consist of open intervals and points. 
f(D) = [g(x’’ — 0) — g(x’ +0) ], x’ if J is an interval. 
For the point x, f() =$(x) [g(x+0) —g(x—0) ].* It is assumed 
that both functions are bounded and that g(x) has no discon- 
tinuities of the second kind. In view of the remark concerning 
subdivisions with point elements we obtain an expression for 
A(/, x) which may be written as the least upper bound of 


\[o(x) — [g(x + 0) — g(x — 0)] 
+ [¢(é’) — o(€)] [g(a — 0) — g(x’ + 0)] 
+ — o(€)] [e(x” — 0) — g(x + 0)]]. 


The test in this case is the behavior of the first term; the re- 
mainder of the expression always goes to zero with the length 
of J. Therefore lim A =0 if and only if ¢(x) is continuous or g(x) 
has at most a removable discontinuity at x. 

If g(a) and g(b) are substituted for g(a—0) and g(b+0) re- 
spectively in the above then N{,f(I) reduces to the Young inte- 
gralf S'o(x)dg(x) obtained by integrating 


F(1) = [g(x’’ — 0) — g(x’ +0) ] +(x’) [e(x’ +0) — g(x’) 
[g(x’’) —g(x’’—0) ], 


x’ <&<x’’, over the closed interval X = [a, b], with subdivisions 
consisting of closed intervals as in the previous examples. The 
conditions for the existence of the Young integral are the same 
as those at the end of the preceding paragraph. 


NEEDHAM, Mass. 


* A. Kolmogoroff, Untersuchungen tier den Integralbegriff, Mathematische 
Annalen, vol. 103 (1930), pp. 654-696. 

+ W. H. Young, On integration with respect to a function of bounded varia- 
tion, Proceedings of the London Mathematical Society, (2), vol. 13 (1913), p. 
113. 
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A NEW PROOF OF MINKOWSKI’S THEOREM ON THE 
PRODUCT OF TWO LINEAR FORMS 


BY R. Q. SEALE 


Remak,* Mordell,{ Landau,f and Blichfeldt§ have all proved 
the theorem, first proved by Minkowskil| (1901): 

If a, B, y, 5, £0, no are real and ab —By =1, integers x, y always 
exist such that 


| (ax + By — &)(yx + dy — m0)| S 7 

This theorem includes as a special case, the classical theorem 
of Tchebychef{ (1866): 

If a is irrational and b is real, an infinste number of pairs of in- 
tegers x, y (y>0O) always exist such that | (x—ay—b)| can be 
made arbitrarily small, and at the same time 


|«—ay—b| 

In what follows, by making use of no principles more ad- 
vanced than the elementary properties of convergents, I have 
proved three theorems, the first one being the Tchebychef 
theorem stated above. The second is Minkowski’s theorem on 
the product of two homogéneous forms, while the third is the 
Minkowski theorem stated above. I feel that, although Tcheby- 
chef’s theorem is a special case of Minkowski’s theorem, its 


* Bachmann, Die Arithmetik der Quadratischen Formen, Zweite Abteilung, 
p. 66; or Remak, Journal fiir die reine und angewandte Mathematik, vol. 142, 
p. 278. 

Tt Mordell, Journal of the London Mathematical Society, vol. 3 (1928), 
p. 19. 

t Landau, Journal fiir die reine und angewandte Mathematik, vol. 165 
(1931), p. 1. 

§ Published in a syllabus which Professor Blichfeldt distributed to a class 
in geometry of numbers at Stanford University, winter and spring quarters, 
1932. 

|| Minkowski, Diophantische A pproximationen, pp. 42-45. 

{ CEuvres de Tchebychef, vol. 1, p. 637. 


— 
Fy 
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proof should be included in this paper because it so completely 
illustrates the simplicity of the methods I have used. 

Professor Blichfeldt, in his proof, shows that if the ratio a/B 
is irrational, the form | (ax+By —£o)| can be made arbitrarily 
small at the same time that Minkowski’s theorem is satisfied. 
This is not shown in any of the other proofs I have read, al- 
though it follows from the method Minkowski used in his proof. 


THEOREM 1. Integers x, y (yO) always exist such that 
|x —@Oy—w| can be made arbitrarily small, and at the same time 
1 


(1 | « — — w| < —— 
) | — ey — «| 


where @ is irrational and w is not an integer. 
Proor. We use the following lemmas. 


LemMMAA. If mand nare relatively prime integers, nx —my = N 
has a solution in integers xo, yo, such that | yo Sn/2. 

Lema B. If ef =e? =e? =1, and aS, at least 
one of the inequalities 


(a) | a(e,ezab — €2¢) | 
and 

(b) \(2 a) [e:e3(2 — a)b + exc | | 
is true. 


To prove this lemma, assume that 
(c) a(ab+c)>1. 
This assumption is permissible, since (a) is surely true if (ees) 


and é2 agree in algebraic sign. 
Then if (b) is false we must have either 


(d) (2 — a)[c — (2 — a)b|] > 1, 
or 
(e) (2 — a)[c — (2 — a)b] < - 1. 


From (c) we obtain 12b>(1—ac)/a*. If, however, we re- 


1935-] SOME THEOREMS OF MINKOWSKI 421 


place 6 by (1—<ac)/a? in (d), the inequality is certainly not 
weakened. That is, 


1 — ac 
(2 — —(2- 
a 


a*c —2+ 2ac+a-— 0% 
=) 


a2 


—2+2ac+a 


is true. But this reduces to 
c[((a — 1)? —1] +1+ (a— 1)? <0, 


which is impossible. Hence, (c) and (d) are not both possible. 

From (c) we obtain 1=c>(1—a?b)/a, and if we replace c by 
the right-hand side of this inequality, (e) is not weakened. That 
is, 


1 — a’ 1 — a’ — 2ab + 
(2 — a) —(2- |= (2 —a) ( ) 
a 


a 


1 — 2ab 
= (2 —a) ( ) <-1 
a 
is true. But this reduces to 


1 — 2ab + a’ = 1+ [(1 — a)? —1]b <0, 


which is impossible. The lemma is therefore true. 
Now let us define P by means of the equation 


(2) 
then express @ as a continued fraction, and let m/n be any con- 
vergent to 6. If we write 

m 


(3) —-§=— 


nN n~ 


we have )<1 and e? = 1. 
Define N and k by the equation 


(4) mo = N+, 


| 

| 
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where JN is an integer and | | <1/2. Say that 
(5) k= 


Then e? =1, and cX1. 
We can now write 


nx —my—N m k 
(= 


n 
(6) 
nx —my — N 
= +0. 


From (3), (5), and (6), we obtain 


m k eae 
(7) Q = ) 
2n 


nN n? 


By Lemma A, nx—my—N=0 has a solution (xo, yo), both 
integers, with | yo] <m/2. Since w is not an integer, 4040. Say 
that 

e€3an 


8 
( ) Vo > 


where 0<a<1, and e? =1. 
A second solution of nx—my—N=0 will be x,;=x0—e3m, 
¥1=Yo—e3n. Then 
(9) Vi = Yo — = — —(2- a). 


When x=xo, y=yo, Q=Qo, that is, from (7) and (8), 


m k e3an be, 
nN 2 n? 2n 
(10) 


= — (e,e3;ab — 
2n 


Similarly, for x; =x9—e3m, yi =yo—e3n, we obtain 
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m k €3n €:b 
(yo — — — —— = — (2 a) — — 
n n 2 n? 2n 


01 
(11) 


1 
— —[e.e3(2 — a)b + enc]. 
2n 


Both (10) and (11) can be made arbitrarily small, numerically, 
for large enough 1, and therefore | xo —Oyo—w| and | x:—0y:—@| 
can both be made arbitrarily small for large enough x. 

The corresponding values of 4yoQo and 4y:Q; are 


(12) 4 


(e,e3ab €2C) = €3a(€,¢3ab €2C), 
Zn 


(13) 4 (2 — a) [ere3(2 — a)b + exc] 


e3(2 — a) [e,e3(2 — a)b + enc]. 


Il 


By Lemma Bat least one of (12) and (13) is less than or equal 
1, numerically. But 6 is irrational; hence 5 in (3) is neither 0 
nor 1. Therefore (a) or (b) of Lemma B must be less than 1, 
and the theorem is completely proved. 


THEOREM 2. There exist two relatively prime integers m,n such 
that 


(14) | (am + Bn)(ym + 6n) re #. 


if ab—By=1. If a/B is irrational, infinitely many such pairs 
exist and |am+Bn| can be made arbitrarily small and at the same 
time |ym+én| can be made arbitrarily large. 


Proor. We consider two cases. 
CASE 1. a/f is rational. Then B/a= —(m/n), where m and n 
are relatively prime integers. Hence 


(15) am + Bn = 0, 


and the theorem is true. 
CASE 2. a/8 is irrational. We write 


(16) (ax + By) = = a(x — Oy), 
a 
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where @ is irrational. Let m/n be a convergent to 0. Then, from 


(3), 


m b 
n? 
Hence 
(18) m — On = —- 


Equation (18) shows that lam +Bn| can be made as small as 
we please for large enough n. 


Since B/a=—8@, we obtain 
m B 
(19) —+—=— 
n a n? 


which, solved for m, gives 


Therefore 


B 
ym +-é6n| = — + + On 


The right-hand side of (21) can be made arbitrarily large for 
large enough n. If we choose m/n in (17) so that (ebay) /n <0, 
(16), (18), and (21) give 


a 
(22) (am + Bn)(ym + 6n)| < —-— = 1. 

nm a 
Hence, since there are infinitely many convergents to 0, the 
theorem is completely proved. 


THEOREM 3. If E=ax+ By and n=yx+6y are two linear forms, 
and if ab—By=1, and if & and no are any two real numbers, 
integers x1, y; can always be found such that 


| 
a 
| Qa | 

(21) 

B n e;bay 

n + = I]. 
a n a 
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1 
(23) | (E — £)(n — S 


If a/B ts irrational | (€—£)| can be made arbitrarily small at 
the same time that (23) 1s satisfied. 
Proor. We write 


(244) £=ax+ By, n = yx + by, ai — By = 1. 


By Theorem 2, two relatively prime integers m, n exist such 
that 


(25) am + Bn = , ym + 6n = p, | | 
Without loss of generality we can assume that »>0. Then we 
have 

(26) Au = é1b, 


where e? =1, and }<1. We define N and k by means of the 
equation 


(27) Ano = N+ 
where N is an integer and | | <1/2. Say that 


28) k=—, 
( 2 


where e? =1, and c<1. Wecan now write 
(29M — An = N = (ym + 6n)(ax + By) — (am + Bn)(yx + by) 


= nx — my. 


By Lemma A, nx—my=N has a solution in integers Xo, yo. 
Then all solutions of nx—my=N are represented by 


(30) x; = Xo — im, Yi = Yo — in, 

where 7 assumes all integral values. Hence, since 

(31) yx; + dy; = y(xo — im) + 5(yo — im) = (yxX0 + by0) — ip, 
it follows that 7, an integer, can always be determined so that 


(32) yx; + bv; — no = - 


= 
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where e;? =1, and a<1. Supposing 7 so determined and denoting 
ax;+By; and yx;+éy; by & and m, respectively, we get 


2 


(33) = 
Substituting & for & and m for y in (29), then subtracting (27) 
and using (28) and (33), we obtain 

(34) — fo) =dAm +N A(m = no) = 
Therefore 
(35) (& ) b 
(35) — &) = = (€;e3ab — 


Similarly, for n2=1—e3u, and &=£—esA, we get 


(36) — No = (2 — a), 
2 
and 
1 
(37) — = — a)b + exc]. 


For the product of (33) and (35) we have 

(38) — £o)(m1 — no) = e3a(e,e3ab — enc), 

while the result of multiplying (36) and (37) is 

(39) — £o)(m2 — m0) = e3(2 — a)[ese3(2 — a)b + enc]. 


If a/8 is rational, we see from (26) and the proof of Case 1, 
Theorem 2, that b=0 in (38); (38) is therefore less than or 
equal to 1, numerically, and therefore (23) is true. If a/8 is ir- 
rational, by Lemma B at least one of (38) and (39) is less than 
or equal 1 numerically, while both (35) and (37) can be made 
arbitrarily small. Hence the theorem is completely proved. 


STANFORD UNIVERSITY 
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SOME OBSERVATIONS ON THE THEORY OF 
FOURIER TRANSFORMS 


BY E. HILLE, A. C. OFFORD, AND J. D. TAMARKINT 


1. From a Letter by Offord. On pages 770-771 of your paper,t{ 
On the theory of Fourier transforms, you prove the following re- 
sult. 


LemMA. If g(t) is in Lz, 1<p<, and if 


1 sin a(s — #) 
g(s, a) = —f &, 


then 


lim | g(s) — g(s, a)|"ds = 0. 


You make no use of your hypothesis <2 in this part of your 


paper. Now consider Berry’s paper, The Fourier transform iden- 
tity theorem.§ 


Write 
G(s, a) = f g(t)e-***dt, 


and suppose g(?) has a Fourier transform G(s) in L,, 1<q<~™, 
that is, 


lim | G(s, a) — G(s) “ds = 0. 


THEOREM A (Berry). If g(s) has a Fourier transform G(s) in 


Ly, 1<q<@, and if G(s) has a Fourier transform @(s) in Lp, 
then =g(-—s). 


+ The present note contains excerpts from a letter by Offord to Tamarkin, 
and from a reply to this letter by Hille and Tamarkin. Before knowing the 
contents of Offord’s letter Hille arrived independently at some of Offord’s 
conclusions, as well as at extensions in other directions. 

t E. Hille and J. D. Tamarkin, this Bulletin, vol. 39 (1933), pp. 768-774. 

§ Annals of Mathematics, (2), vol. 32 (1931), pp. 227-232. 
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This is a uniqueness theorem. The methods of your paper 
seem to give the existence theorem. 


THEOREM B. If g(s) belongs to Ly, 1<p<~@, and if it has a 
Fourier transform G(s) in some L,, 1<q<®, then g(—s) ts the 
Fourier transform in L, of G(s). 

We have 


(*) G(s) = f g(t)e—**'dt (in L,). 


Hence 


a 
(27) ue f G(u)ei*“du = (27)— lim f f g(t)e—*™*dt 
b J = 
b 


=" 
1 sin b(s — #) 
—f g(t) = dt. 


The desired result now follows from your lemma. 
It is possible to go a little further than this. 


THEOREM C. g(s) belongs to Lp, 1<p<™, and if 
0 ‘ds < M, (1<q<o), 


for all a, then g(s) has a Fourier transform G(s) in L, and g(—s) 
is the Fourier transform in L, of G(s). 


This follows from Theorems 1 and 7 of my paper, On Fourier 
transforms, 111. Theorem C is a corollary of the following theo- 
rem. 


THEOREM D.f Let f(u) be integrable over every finite range and 
let 


F(x, a) = f f(uje—**"du. 


+ To appear in the Transactions of this Society. 

t For the corresponding theorem when p= ~ see A. C. Offord, On Fourier 
transforms, Proceedings of the London Mathematical Society, (2), vol. 38 
(1934), pp. 197-216. 


E 
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Let 


(**) 


where 1<p<o. Then F(x, a) converges (C, 1) in L, to a func- 
tion F(x) and 


F(x, a)|"dx M?, 


f(x) = (Qr/) ue f F(u)e'*“du 


almost everywhere. 


It is not assumed that f(x) belongs to a Lebesgue class over 
(— 2, ©). Let us write 


« u | 
F\(x, a) = f (1 
a 


If we can show that (**) implies 
(*#*) f | Fi(x, a) < M’, 


then Theorem D will follow from Theorems 1 and 7 of my paper. 
Now 


A 
F\(x, A) = an f F(x, a)da. 
0 


The desired result (***) follows from this by an easy applica- 
tion of Hélder’s inequality. 
2. From an Answer by Hille and Tamarkin.{ The fact that our 


lemma above holds for any p>1, and not only for 1<p<2, was 
observed by ourselves, f and also was called to our attention by 


+ It should be observed that results essentially equivalent to our Theorems 
1, 3, 5 of the present note are contained in Offord’s papers referred to above, 
although Offord does not use the notions of Fourier transforms in the sense of 
our Definitions 1 and ?. The paper of Offord mentioned in the preceding foot- 
note was not available to us at the time when the present reply was being 
written. 

tA remark on Fourier transforms and functions analytic in a half plane, 
Compositio Mathematica, vol. 1 (1934), pp. 98-102, especially p. 100. It 
should be stated that a result analogous to our lemma was obtained at a much 
earlier date by A. Berry, in an unpublished paper of his. 


= 
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A. Zygmund. It is obvious that the proof of Theorem B does 
not utilize the full force of the condition (*). The only property 
of g(s) which comes into play is that 


b 


= 


lim ike. a)e*“du 


for all b>0 and all real s. This observation leads naturally to 
the following definition. 


DEFINITION 1. Let f(x) be integrable over every finite range. Let 
(1) f(x, a) = f f(He-***dt. 


If there exists a sequence {an } , a, 1 © such that, for all b>0 and 
all real x, 


b b 
(2) lim a,)e**"du = f F(u)e'*"du, 
= 


2 


where F(x) is integrable over every finite range, then F(x) is called 
a Fourier transform of f(x). 


This definition finds its justification in the following theorem. 


THEOREM 1. Jf f(x) cL,, 1S p<, and if f(x) has a Fourier 
transform F(x), then F(x) is uniquely determined by f(x), that is, 
does not depend on the choice of the particular sequence {an} for 
which (2) is satisfied. If p>1, then f(—x) is the Fourier trans- 
form in L, of F(x). 


Indeed from (2) and (1) we have 


b 
f F(u)e**"du = lim f(t)e-**“dt 


b n— 


ay b 
(27)—! lim S(t) f 


b 


n> 2 


~ sine 
—f 


| 
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The right-hand member here does not depend on {a,}. Hence, 
_ if F,(x) is any other Fourier transform of f(x) in the sense of 
Definition 1, then again for all b>0 and all x, 


b 1 b 
f F (u)ei*"du = —f f(t) sin — #) dt, 
—b 


x—t 


which implies F(x) = F,(x), except perhaps for a set of values of 
x of measure zero. Consequently F(x) is determined uniquely 
by f(x), if it exists at all. The fact that f(—x) is the Fourier 
transform in L, of F(x) if p>1 follows immediately from our 
Lemma. 

Condition (2) is obviously satisfied if the set of functions 
f(x, a), 220, belongs to some L,, 1<q<@, and if the sequence 
{a,} can be selected in such a way that the sequence of func- 
tions f(x, a@,) converges weakly in L, to a weak limit F(x). This 
will certainly be the case when the set f(x, a), a20, is bounded 
in L,, that is, when 


a) |* < M’. 


If this condition is satisfied, it is readily seen that there exists 
a function F(x) ¢ L, such that f(x, a) converges weakly to F(x) 
as a—. This function F(x) therefore appears as the Fourier 
transform of f(x), while f(—x) is the Fourier transform in L, 
of F(x). Your Theorem D furnishes a sharper result, however, 
namely, that f(x, a) converges (strongly) to F(x) in L, and this 
even without the assumption that f(x) c L,. In other words, the 
boundedness in L, of the set f(x, a) implies its convergence in 
L, to the Fourier transform F(x) of f(x), and vice versa. The 
last statement is obvious. 

Upon setting ®(x) = [°F (t)dt we may rewrite (2) in the form 


b b 
tim f f(u, a,)e*"du = f e'*"d 


n— 2 


This immediately leads to a further generalization of the notion 
of the Fourier transform. 


DEFINITION 2. Let f(x) be integrable over every finite range. Let 
®(x) be defined and finite for all values of x and integrable over 


= 


432 HILLE, OFFORD, AND TAMARKIN (June, 


every finite range. Let f Peizd®(u) be the generalized Stieltjes 
integral defined by 


3 
(3) = — e'**P(a) — ix f e'="P(u)du. 


If there exists a sequence } Gn } , a, | ©, such that for all b>0O and 
for all real x, 


b b 
(4) lim J f(u, a,)e*“du = , 
b 


then ®(x) 1s called a Fourter transform of order 1 of f(x).t 


Definition 2 looks very much the same as definitions used by 
Hahn, Wiener, and Bochner.{ There is one essential difference, 
however, due to the fact that Definition 2 does not a priori 
specialize the behavior of f(x) at infinity, while other definitions 
do so. From the example at the end of this note it will be seen 
that there exist cases in which Definition 2 can be applied while 
no Bochner transform of any order can be defined. 

Definition 2 is justified not only by the fact that it generalizes 
Definition 1 to which it reduces when ®(x) is absolutely con- 
tinuous, but also by the following theorem. 


THEOREM 2. If f(x) ts integrable over every finite range and if 


1 sin b(x — 
lim —{ — — dt 


= 


exists for each x, then the Fourier transform of order 1 of f(x) is 
uniquely determined up to an additive constant whenever it exists 
at all. 


} This definition closely resembles the one we used in our note, On a theorem 
of Paley and Wiener, Annals of Mathematics, (2), vol. 34 (1933), pp. 606-614, 
especially pp. 609-611. We intend to discuss the relationship between thcse two 
definitions elsewhere. A definition identical to that of our Annals paper was 
successfully used in a recent paper by Verblunsky, Trigonometric integrals and 
harmonic functions, Proceedings of the London Mathematical Society, (2), 
vol. 38 (1934), pp. 1-48. 

t See Wiener, Generalized harmonic analysis, Acta Mathematica, vol. 55 
(1930), pp. 117-258, especially p. 159; Bochner, Vorlesungen iiber Fouriersche 
Integrale, 1932, Chapter 6: other references are also given there. 
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In particular, tf f(x) cLy, 1S p<, then the Fourier trans- 
form of order 1 of f(x) is given by 


g—-izt 
(5) = f (x #0).T 
Furthermore, if p>1, the function 
b 
(6) F(x, b) = f 


converges in L, to f(x) as 
Applying the same argument as in the proof of Theorem 1, 


we now have 


ire sin b(x 
(7) f e'™“dd(u) = lim — fd) dt. 


a2 


Hence if there exists another Fourier transform of order 1 of 


f(x), say ®i(x), we must have, for all b>0 and all x, 


b 
0= f (1) 
= W(b)e'*> — W(— — ix f (u)du, 
—b 
where Y=®—®,. For x=0 this gives ¥(b)=Y(—b). Upon 
setting Vo(u) = VW(u) —V(b), we now have 


b 
f (u)du = 0. 


Hence V,(u) =0, ¥(u) =V(b) almost everywhere in (0, Since 
b is arbitrary we conclude that V(x) =const. for all «0. 

Now assume that f(x) ¢ L,, 1Sp< ©. Then in (7) we may re- 
place lim,..f°. by /<., the integral being absolutely conver- 
gent. 

The fact that F(x, b)-f(x) in L, as b>, if p>1, follows 
then from our lemma. Hence it remains only to prove that the 


+ The value of (x) at x=0 is irrelevant since it can be modified arbitrarily 
without changing the value of F(x, b). 


| 
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Fourier transform of order 1 of f(x) exists and is given by (5). 
To do so we evaluate F(x, b) with 


—izt 1 
= (2x)? : 


— 


which is a continuous function of x. Thus we get 


b 
F(x,b) = f e'™“d®(u) 
—b 
u=x=b 
= Qn) f — e~ib(z—t) — gibr 4 : f(t) 
ane 
ix f(b) b 


1 sin db(x — 
f(t) dt = lim J f(u, a)e**“du,t 


which is precisely relation (4) of Definition 2. 

Theorem 2 shows that a function f(x) cL,, 15 p< ©, always 
has a Fourier transform of order 1, which is a continuous func- 
tion of x. A natural question arises whether every f(x) ¢ L, has 
a Fourier transform (in the sense of Definition 1). We shall 
prove that in general this is not the case, if p> 2. 


THEOREM 3. A necessary and sufficient condition that a function 
f(x) should have a Fourier transform in the sense of Definition 1, 
is that the continuous function 


x ¢ 1 
(8) #(x) = f f(t)dt 


— 
be absolutely continuous. 


This result is easily derived by combining Definition 1 and 
Theorems 1 and 2. The question of the existence of a Fourier 
transform of f(x) is thus reduced to the discussion of the abso- 


+ See an analogous computation in Wiener, loc. cit. 


| 
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lute continuity of ®(x) as given by (8). It is well known that 
if 1<p<2, every f(x)¢L, has a Fourier transform in L}, 
pb’ =p/(p—1). This Fourier transform must coincide with the 
Fourier transform of Definition 1. Hence ®(x) is absolutely con- 
tinuous when 1<S2. This result can also be verified directly. 

Now assume p> 2. Consider L, as a metric vector space with 
the usual definition of its metric. Referring to a previous result 
of ours{ we see that the set of functions of L, for which ®(x) is 
of bounded variation in any interval (0, A), A>0, is of the 
first category in L,. By modifying slightly the argument there 
used we might even replace the interval (0, A) by an arbitrary 
interval, no matter how small. Consequently we may state the 
following result. 


THEOREM 4. If 2<p< ©, the set of functions of L, which pos- 
sess a Fourier transform in the sense of Definition 1 1s of the first 
category in Ly. If 1S pS2 every f(x) ¢ L, has a Fourier transform, 
indeed a Fourier transform in 


It is of interest to exhibit a sufficient criterion for the ex- 
istence of the Fourier transform of f(x) ¢ L,, p>2, which is more 
general than that of your Theorem C which requires the 
boundedness in L, of the set f(x, a), a20. 


THEOREM 5. Let f(x) cL,, 1S p<, and let, for all azZa,=0 
and for almost all x, 
(9) | f(x, a)| < P(x), 


where P(x) is a positive measurable function, integrable over every 
finite range. Then f(x) has a unique Fourier transform in the sense 
of Definition 1. 


In view of Theorem 3 it suffices to establish the absolute con- 
tinuity of ®(x). Now 


= f f(dt = lim f(t, ajdt, 


and (9) shows that the set of functions Kt, a)dt is absolutely 


+ E. Hille and J. D. Tamarkin, On moment functions, Proceedings of the 
National Academy of Sciences, vol. 19 (1933), pp. 902-908, especially p. 905. 
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continuous over every fixed finite range of x, uniformly in a. 
Hence the limit function ®(x) is also absolutely continuous. 

A striking example of an application of Theorem 5 is given 
by the following functiont 


IV 


x 


2 
(10) 
Here f(x, a) converges to a continuous function F(x), uniformly 
over every finite interval. However, for large positive x, 


(11) F(x) = exp { — + (1/2 — a)(x — 1) } (1 + o(1)); 


hence F(x) does not belong to any Lebesgue class over (— ©, 2) 
Nevertheless the condition of Theorem 5 is satisfied and F(x) 
is the Fourier transform of f(x) in the sense of Definition 1, 
while f(—<x) is the Fourier transform of F(x) in L, for p>1/a. 
This is not the worst possible behavior that F(x) may exhibit 
under such circumstances. We have merely to replace the term 
log x in (10) by repeated logarithms of sufficiently high order 
to introduce iterated exponentials of arbitrarily high order in 
(11). In all cases F(x) has a Fourier transform in L,, hence 
also in the sense of Definitions 1 and 2. However, the integral 
tae F(x)| /(1 +|x| *)\dx does not exist, no matter what k>0 is. 
Hence the Wiener-Bochner theory can not be applied to F(x). 


BROWN UNIVERSITY AND YALE UNIVERSITY 


t E. Hille and J. D. Tamarkin, On the summability of Fourier series, II, 
Mathematische Annalen, vol. 108 (1933), pp. 525-577, especially p. 575. The 
factor (27)'/? should be crossed out in formula (18.22). 
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A THEOREM CONCERNING LOCALLY 
PERIPHERALLY SEPARABLE SPACES* 


BY F. B. JONES 


Alexandroff has shown that a connected metric space is com- 
pletely separable provided it is locally completely separable.t 
It is the purpose of this paper to establish a similar theorem for 
connected, locally connected metric spaces. 


DEFINITION. A space ts locally peripherally separable provided 
that, if P is a point of a region R, there exists in R a domain D 
containing P such that the boundary of D is separable. 

THEOREM. A connected, locally connected, locally peripherally 
separable metric space 1s completely separable. 


Proor. Suppose that 1 is a fixed positive integer. Let G denote 
the collection of all domains (to be called regions) of diameter 
1/n or less which are peripherally separable. Since space is 
locally peripherally separable, it is evident that G covers space. 
It will now be shown that G contains a countable subcollection 
covering space. For each point X of space let , denote the larg- 
est integer such that no region of G contains a circular domain 
with center at X and radius greater than or equal to 1/n,. Let 
D; denote some region of G. For each integer i let 11; denote 
the set of all points X of the boundary f; of Di such that 
nz=1. Since space is metric and {; is separable , 8; is completely 
separable, and there exists in M,; a countable point set Nj; 
which is everywhere dense in M,;. Now for each point X of Ni; 
let R, denote a region of G containing a circular domain with 
center at X and radius 1/(7+1). The sum of these regions R, 
forms a domain covering and is a domain cover- 
ing 

Let De= Then contains D,+{;. Since space 
is locally connected, every point of the boundary 2 of D2 either 
belongs to the boundary of some region R, or is a limit point of 


* Presented to the Society, June 20, 1934. 
+ Paul Alexandroff, Uber die Metrization der im kleinen kompakten topolo- 
gischen Riume, Mathematische Annalen, vol. 92 (1924), pp. 294-301. 
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the sum of the boundaries of these regions R,.* Furthermore, 
there are only countably many regions R,. Hence, 2 is separa- 
ble. It is also to be noted that D, is the sum of countably many 
regions of G. 

This process may be continued. Thus there exist a sequence 
D,, Dz, D3, - - - of domains and for each integer m a sequence 
Nmi, Nme, Nms,*- + Of point sets, so that if, for each integer m, 
8B» denotes the boundary of D,,, and, for each pair of integers 
m andi, M; denotes the set of all points X of 8, such that n, =7, 
then 

(0) D,, is the sum of countably many regions of G, 

(1) D, contains m1, 

(2) => ai, 

(3) Nm: is a countable subset of M,,; which is everywhere 
dense in Mi, 

(4) if X isa point of Nani, Dn contains a circular domain 
with center at X and radius 1/(7+1), and 

(5) if R is a region of G containing a point X of Nn:, no cir- 
cular domain V, lying in R with center at X has a radius 
greater than or equal to 1/2. 

Suppose now that there is some point of space not belonging 
to any D,,. Then, since space is connected, there exists a point O 
on the boundary of > a. Hence, it follows from (1), (2), and 
(3) that O is a sequential limit point of a sequence of points 
X1, Xe, X3, - - - , where for each m, X » belongs to Nm: for some 
1. Now, let R denote a region of G containing a circular domain 
Vo with center at O and radius r. For each point X,, of the se- 
quence X,, X2, X3,--~- let Vx,, denote a circular domain with 
center at X,, and radius 7/2. There exists a number k such 
that if m>k, then Vx, lies in R. However, since O is not 
covered by }\D,, and Nn; contains X ,, it follows from (4) that 
i increases with m. Hence, for some point Xm, (m>k), r/2 is 
greater than 1/i. This contradicts (5); so )\D,, covers space. 
By (0), Dis the sum of countably many regions of G, and there- 
fore >_D,, is the sum of the regions of a countable subcollection 
G’ of G. Hence G’ covers space. 

Now, for each integer 1, let G, denote the collection of periph- 


* R. L. Moore, Foundations of Point Set Theory, Colloquium Publications 
of this Society, vol. 13, 1932, Theorem 2(b), Chapter II, p. 91. 
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erally separable domains of diameter 1/n or less. By the above 
argument each G, contains a countable subcollection G,’ cover- 
ing space. Hence, space is completely separable and the theorem 
is established. 


THE UNIVERSITY OF TEXAS 


A REDUCED SET OF POSTULATES FOR 
ABSTRACT HILBERT SPACE* 


BY A. E. TAYLOR 


1. Introduction. An abstract Hilbert space is a normed linear 
space, or vector space, of infinite dimensionality, with a norm 
based on a Hermitian inner product, defined for all pairs of ele- 
ments in the space. The space is, moreover, separable and com- 
plete according to this norm. The usual postulate system for 
Hilbert space, which was first stated abstractly by J. von Neu- 
mann, consists of five groups of postulates, or nineteen in all. 

The purpose of the present paper is to demonstrate the re- 
dundancyt of a number of the postulates, and to present a sys- 
tem of eleven independent postulates for a normed linear space 
with a Hermitian inner product. The adjunction of three more 
postulates, each of which is independent of the first eleven and 
the remaining two, then gives us a system which is equivalent 
to that of von Neumann, that is, it defines an abstract Hilbert 
space, and it is categorical. 

A special feature of this postulate system is that the abstract 
relation called equality, and denoted, as usual, by the symbol =, 
enters on an equal footing with the operations defined in the 
space.§ Three of the eleven postulates are concerned with this 


* Presented to the Society, December 1, 1934. 

+ J. von Neumann, Mathematische Grundlagen der Quantenmechantk, 1932. 
pp. 19-24; M. H. Stone, Linear Transformations in Hilbert Space, Colloquium 
Publications of this Society, vol. 15, pp. 2-4. 

t Some of these redundancies were noted simultaneously by a fellow- 
student, Mr. Ivar Highberg, and myself. 

§ The postulational treatment of equality in vector spaces was suggested 
by A. D. Michal in a critique of postulate systems. See this Bulletin, vol. 39 
(1933), Abstract No. 339. 
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relation, giving its properties in connection with the operations. 
It is then demonstrated that the equality relation has the usual 
properties of an equivalence relation: reflexiveness, symmetry, 
and transitivity. 


2. A Normed, Linear Space. Let K be a class of elements 
x,y, -- + ;and let C be the class of complex numbers a, b,c, - - - 
Let there be given in K a binary relation, called equality, and 
denoted by =, such that given an ordered pair of elements x, y 
from K, then either x bears the relation to y (x =y), or it does not 
(xy). Let + be the symbol of a binary operation, or rule of 
combination, defined throughout K. That is, to each ordered 
pair of elements x, y from K, there corresponds a unique entity, 
called their sum, and denoted by x+y. Let - be the symbol of a 
binary operation defined on the composite of C and K; that 
is, given aeC and xeK, there is uniquely determined an entity, 
denoted by a-x, or simply ax. Let ( , ) be the symbol of a 
binary operation, called the inner product, defined for all ordered 
pairs x, yeK, and yielding a unique entity, written (x, y). 

The universe of discourse composed of the class K, the rela- 
tion =, and the three operations +,-,( , ), is to be gov- 
erned by the following eleven postulates, and it then forms a 
special kind of normed, linear space, as will be proved in §3. 


1.0 The class K contains at least one element. 
1.1 If x, ye K, then x+yeK. 
1.2 IfaeCandxeK, thena-xeK. 
1.3 If x, y, (—1)-y,x+(-—1)-yeK, and tf for each element 
ue K, [x+(—1)y]+u=u, then x=y. 
1.4 Ifx,yeK, then (x, y) €C. 
1.5 If x, y, 2, x+y eK, and (x+y, 2), (x, 2), (y,2) €C, then 
(x+y, 2) =(x, 2)+(y, 2). 
1.6 If x, ye K, and (x, y), (y, x) € C, then (x, y) =(y, x). 
1.7 Ifx,y,axeK, and (ax, y), (x,y) €C, then (ax, y) =a(x, y). 
1.8 IfxeK and (x,x)e€R, then (x,x)=0, (R denotes the class 
of real numbers). 
1.9 IfxeK and (x, x)=0, then x+y=y for each y in K. 
1.10 Jf x,yeK, and x=y, and tf u1s an arbitrary element in 
K such that (x, u), (y, u) € C, then (x, u) =(y, u). 
This statement of the postulates is such as to make each one 
intelligible independently of the others. Thus, if 1.1, 1.2, and 
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1.4 hold, the remaining postulates may be greatly abbreviated. 
We also remark a double use of the symbols =, +, - . No con- 
fusion will arise; the context suffices to make the meaning clear. 


3. General Theorems. This section will be devoted to proving 
that the universe of discourse defined in §2 is a normed, linear 
space.* Questions of consistency and independence are dis- 
cussed in §4. 


DEFINITION. If xe K, then (—1)x e K, by 1.2, and we call 
this latter element —x (—x=(-—1)x). Similarly we define 
x—y=x+(-1)y. 

The following theorems are stated without proof. f 


THEOREM 1. If x, ye K, and ae C, then (x, ay) =4(x, y). 
THEOREM 2. If x, y, 2 € K, then (x, y+z) =(x, y)+(x, 2). 


THEOREM 3. If x, y, u,v € K, and a, b, c,d «€ C, then 
(ax + by, cu + dv) = aé(x, u) + bé(y, u) + ad(x, v) + bd(y, v). 


DEFINITION. An element z¢€ K such that z+y=y for each 
y € K, is called a zero element. 


THEOREM 4. There exists at least one zero element in K. If x is 
any element in K, then 0-x is a zero element, and x —x 1s also. 


Proor. By 1.0, there exists at least one element x e K. There- 
fore 0-x e K, by 1.2. By 1.9, any element y such that (y, y) =0 
is a zero element. But if x is arbitrary, (0-x, 0-x)=0, by 1.7. 
Also (x—x, x—x)=0, by Theorem 3. We shall presently prove 
that all zero elements are equal. 


THEOREM 5. If x, ye K, then x+y=y+x (Commutativity). 
If x, y, K, then x+-(y+z) =(x+y)+2 (Associativity). 


We shall prove the commutativity; the proof of associativity 
is quite similar, and will be left to the reader. We need merely 
show that (x+y)—(y+x) is a zero element; the result then 
follows by postulate 1.3. Consider the inner product 


+ y) — (y + 2), (© + y) — (y + 2). 


*S. Banach, Théorie des Operations Linéatres, 1932, pp. 26-37 and p. 53. 
Banach calls them “espaces vectoriels normés.” 
t M. H. Stone, loc. cit., p. 4. 
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It is easily seen, on expanding this with the aid of Theorem 3, 
that the inner product is zero, and that therefore, by 1.9, 
(x+y) —(y+x) is a zero element. 

The next group of theorems establishes the familiar proper- 
ties of the equality relation. 


THEOREM 6. If x, y e K, and x=y, then (x, x) =(x, y) =(y, x) 
=(y, y)- 


The proof is accomplished by replacing the arbitrary element 
u of postulate 1.10, first by x, and then by y. We thus obtain 
(x, x)=(y, x), and (x, y)=(y, y). But since (x, x) is real, it 
follows by 1.6 that (y, x) =(x, y). Thus the theorem is proved. 


THEOREM 7. If x, y, u, ve K, and if x=y and u=v, then 
x+u=y+2. 


Proor. Consider the inner product 
((x + u) — (y + 2), (x + u) — (y + 2)). 


We find, upon expansion of this according to Theorem 3, that 
postulate 1.10 and Theorem 6 reduce the resulting expression 
to zero. Consequently the element (x-+-u)—(y+v) is a zero 
element, and x-+u=y-+v. In quite similar fashion the following 
theorem is proved. 


THEOREM 8. If a, be C, and x, ye K, and if a=b and x=y, 
then ax =by. 


THEOREM 9. The relation = 1s an equivalence relation. That is, 
if xe K, then x=x (reflexiveness). If x, ye K, and x=y, then 
y=x (symmetry). If x, y, 2€K, and x=y and y=z, then x=2 
(transitivity). 


Proor. We have already seen that x— x is a zero element 
(Theorem 4). It follows at once that x=x. To prove the sym- 
metry we consider the element y—x and the inner product 
(y—x, y—x). On expanding, we find the relation: 


(y — x, y — = (y, y) — *) — (x, y) + 2). 


The expression on the right vanishes, by Theorem 6. Hence, by 
postulates 1.9 and 1.3, y=x. Finally, let x=y and y=z. Then 


(x — 2," — 2) = (x, x) — (2, x) — (x, 2) + &, 2). 
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From Theorem 6 and postulate 1.6 we have the relations: 
(x, x) = (y, y) = (2,2), (2, 2) = (2, ») = (y, 2), 
(2, x) = y) = (y,2), 2) = (2, x) = (2, 9). 
From these it follows that (x—z, x—z)=0, so that x=z. 
Postulates 1.0, 1.1 and Theorems 4, 5, 7, 9 suffice to show 
that the elements of K form an abelian group with respect to 


addition, using the equality relation.* The consequences of this 
are summed up in the following theorem. 


THEOREM 10. The class K forms an abelian group with respect 
to addition. 


The equation x+y =z is uniquely (to within equal elements) 
solvable for x, and indeed x=z—y. In particular, the zero 
element in K is unique (that is, all zero elements are equal); 
and to each x e K corresponds a unique inverse, —x. 

We shall denote the zero element in K by 0. This will occasion 
no ambiguity. The next group of theorems deals with the proper- 
ties of multiplication by complex numbers. 


THEOREM 11. Jf xe K, then 1-x=x. If ae C, and 0 1s the 
zero element in K, then a-0=0. 


ProoFr. Consider the element 1-«—x; on expanding the inner 
product we find that (1-x—x, 1-x—x)=0. Therefore 1-x=x. 
Since 0 is the unique zero element, it may be written in the 
form 0-x, where x is arbitrary. It follows that (0, 0)=0. But 
(a-0, a-0)= | 2(0, 0) =0. Hence a-0=0. 


THEOREM 12. If x, ye K and a, be C, then a(x+y) =ax+ay, 
(a+b)x=ax+bx, a(bx) =(ab)x. 


Proor. Each of the equalities is established by the method 
used in the proof of Theorem 5. For instance, by considering 
the element a(bx) — (ab)x, we show that its inner product with 
itself is zero, and hence that a(bx) —(ab)x=0. 

This completes the demonstration that K is a linear space. 
In fact, the system of postulates 1.0—1.10 is equivalent to the 
first two groups of postulates stated by von Neumann. 


* B. L. Van der Waerden, Moderne Algebra, 1930, vol. 1, p. 15. 

¢ J. von Neumann, loc. cit., p. 19-21; von Neumann does not explicitly state 
any postulates for equality, but he uses all the properties which we have as- 
sumed or proved. 
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DEFINITION. By the norm of an element x we mean the non- 
negative number (x, x)/?; for convenience we shall write 
= (x, x) 

It is readily demonstrated that this norm has the usual prop- 
erties. The proof is based on the Schwarz inequality; we sum- 
marize the results in the following theorem.* 


THEOREM 13. If x, ye K, and ae C, then 


(x, »)| Hal] 2 0, [lol] = 0, 


4. Consistency and Independence of the Postulates. Postulates 
1.0—1.10 are satisfied in any abstract Hilbert space, and are 
therefore consistent. As a specific example consider the class 
H, of infinite one-rowed matrices of complex numbers 
x= X2,--- ) such that the series > x,| 2 is convergent. 
If y=(y1, ve,--- ) is an element of Ho, we define x=y if and 
only if x;=¥y;, (¢=1, 2, 3,--- ); and define 


x+y = x2 + y2,---), 


lA 


lA 


x 
a-x = a%2,---), (x,y) = 

i=! 
This system forms a Hilbert space. f For the sake of uniformity, 
most of the independence examples have been formed from 
variations of this example. We present these examples below, 
with a brief explanation of each one; the details of verifying the 
postulates in each case are rather simple, and are, for the most 
part, left to the reader. The number of the example denotes the 
postulate which is not satisfied, thereby being proved independ- 
ent. 


EXAMPLE 1.0. Let K be any empty class. Then postulates 
1.1—1.10 are satisfied vacuously. 


EXAMPLE 1.1. Let M be a positive real number, and consider 
the class of all infinite one-rowed matrices of complex numbers 
x= (x), X2,--- ) in which at most M elements of the matrix are 
distinct from zero. This is a sub-class of the class Ho, and the 


* J. von Neumann, loc. cit., pp. 21-22; M. H. Stone, loc. cit. pp. 4-5. 
t M. H. Stone, loc. cit., pp. 14-15. 
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relation and operations are defined as in Hy. All the postulates 
are satisfied save that of closure under addition. 


EXAMPLE 1.2. Consider the sub-class of H» in which all the 
elements of the matrices are real numbers, and let the relation 
and operations be defined as in Hp). All the postulates are satis- 
fied save that of closure under multiplication by complex 
numbers. 


EXAMPLE 1.3. Consider the class of complex-valued functions 
of the form 


F + sin nx, <x< 0), 


where F is a complex number, and 1 is a non-negative integer. 
Then, if f= F+sin nx, and g=G-+sin mx, we define 


f = g, if and only if F = Gand u = m, 
ft+g=F4+G+sin mx, 
af = aF + sin nx, 


Each element in the class is determined by a complex number 
and a non-negative integer; the representation is unique. Postu- 
lates 1.0, 1.1, and 1.2 are clearly satisfied. Postulate 1.3 is not 
satisfied, for let h=H-+sin px and suppose that [f+(—1)g] 
+h=h for every such h. This implies the relation F—G+H =H. 
We infer that F=G, but we can say nothing about m and m. 
Postulates 1.4-1.8 are satisfied, as are 1.9 and 1.10 also. 


EXAMPLE 1.4. Consider the class of infinite one-rowed mat- 
rices of complex numbers x=(x1, X2,--- ). No convergence 
condition is attached. Equality, addition, and multiplication 
are defined as usual. When x and y are elements of Ho, the inner 
product is defined as the series 


(x, ¥) = 
i=1 
For such elements the inner product is a complex number. Be- 
tween all other pairs of elements it is defined as the infinite one- 
rowed matrix (%191, %232,---). Thus the inner product is not 


| 
(f, =F-G. 
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always a complex number. All the postulates save 1.4 are satis- 
fied. 


EXAMPLE 1.5. Consider the class Ho, with equality, addition, 
and multiplication defined as usual. Then, since the series 


lim | an | = 0, 


and for each matrix x there exists an integer 7 such that 
|xi]=max {|a|, |ae],--- }. Then if & is such that |¥,| 
=max {|y:|, |y2|,--- }, we define (x, y)=x;,- This system 
satisfies all the postulates save 1.5, as is readily verified. 


EXAMPLE 1.6. Consider the class Ho, with equality, addition, 
and multiplication defined as usual, and define the inner product 


k=1 


(x, y) = max | yi 
Then clearly postulate 1.6, that of Hermitian symmetry, is not 
satisfied, whereas the other postulates are satisfied. 


EXAMPLE 1.7. Consider the class Ho, with equality, addition, 
and the inner product defined as usual. For multiplication by 
complex numbers we define 


a-x = (R(a)x1, R(a)x2,--- ), 
where R(a) is the real part of a. This system fails on postulate 


EXAMPLE 1.8. Consider the class Ho, with the definitions as 
in the Hilbert space of the consistency example, save for the 
inner product, which is the negative of the usual inner product: 
(x, y) = —>of.1%;5;. This leads to a negative-definite quadratic 
form: 


(x, x) S 0, (x, x) = 0 if and only if x; = 0, (= 4,-2.- <-'). 
Thus postulate 1.8 is independent. 


EXAMPLE 1.9. Consider the class Ho, with equality, addition, 
and multiplication defined as usual, and the inner product de- 
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fined to be zero for every pair of elements: (x, y) =0. This ob- 
viously satisfies all the postulates but 1.9. 


EXAMPLE 1.10. Consider the class Ho, with addition, multi- 
plication, and the inner product defined as usual. For equality 
we define x = y if and only if 


2 2 

| = LI 

i=l i=1 
Then postulates 1.0-1.9 are satisfied, but 1.10 is not, as the 
following example shows. Let x=(1, 2, 0, 0,--- ) and 
y=(2, 1, 0, 0,--- ). Then x=y, for 


= Ll =5. 
i=1 i=1 


But if (1, 0,0, - - - ) (wis obviously in Ho), we have (x, u) =1, 
and (y, u) =2. 

These eleven examples prove the independence of the postu- 
lates.* 


5. Abstract Hilbert Space. In this paragraph we shall consider 
the universe of discourse composed of the class K, its relation 
and operations, subject to the postulates 1.0—1.10, and in ad- 
dition, the following three. 

2.1. For each positive integer n, there exist elements x, 
+, such that axi+--- +a,x,=0 tf and only if 
=a,=0. 


* The postulates may easily be modified to yield an independent set for a 
real space, that is, a space closed under multiplication by real numbers (the 
class R). Obvious alterations only are required in §§3-—4, and in most of the in- 
dependence examples. Examples 1.2 and 1.7, however, will not serve, and may 
be replaced by the following. 

EXAMPLE 1.2 (real). Consider the class of infinite one-rowed matrices 
x=(x1, x2,+++ ), where >. ¢1%;? is convergent, and the x; are real, rational 
numbers. Multiplication by a real number a is defined by a- x= (ami, ax2,---), 
and the other definitions follow the usual model. 

EXAMPLE 1.7 (real). Consider the class of infinite one-rowed matrices of real 
numbers x=(x, x2,--+- ) such that el x;? is convergent. Let multiplication 
by a real number a@ be defined by a-x=(N(a)x, N(a)x2,- ++), where N(a) is 
precisely a if a is an integer, and N(q) is the first integer smaller than a in all 
other cases. 


— 
— 
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2.2. K is separable according to the norm (x, x)"?=||x||. 
2.3. K is complete* (according to the same norm). 


DEFINITION. When the system of K and its relation and 
operations satisfies postulates 1.0—-1.10 and 2.1-2.3, it is called 
an abstract Hilbert space, and denoted by HZ. 

It naturally occurs to one to inquire about the independence 
of the fourteen postulates, viewed as a single system. Before 
any steps can be taken in this direction, postulates 2.1—2.3 
must be restated so as to be intelligible in case some of the other 
postulates are not satisfied. While this is possible, it leads to 
many difficulties of expression. I believe that the present treat- 
ment is more natural and convenient. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


* J. von Neumann, loc. cit., p. 24. These postulates are identical with the 
last three of von Neumann. The latter has proved (p. 37) that each of these 
postulates is independent of the remainder of his set. 

{ The reader may easily convince himself that this definition is justified, 
and that our postulate system is equivalent to that of von Neumann. This 
latter system is known to be categorical. That is, an isomorphism can be 
established between any two examples of abstract Hilbert space. 
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